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EQUIVARIANT CALCULUS ON µ-CHARACTER AND
µK-STABILITY OF POLARIZED SCHEMES
EIJI INOUE
Abstract. We introduce and study µK-stability of polarized schemes with
respect to general test configurations as an algebro-geometric aspect of µ-cscK
metric we introduced in the last paper. There are two fundamental ingeredi-
ents. On one hand, we develop a framework on ‘derivative of relative equivari-
ant intersection’, which we name equivariant calculus. As a part of equivariant
calculus, we establish convergence results on some infinite series of equivariant
cohomology classes given by relative equivariant intersection, based on a basic
observation on the Cartan model of equivariant cohomology. On the other
hand, we derive an equivariant character µλ called µ-character for equivari-
ant family of polarized schemes from the equivariant intersection formula of
the log of the µ-volume functional. The derivative of the µ-character not even
yields µ-Futaki invariant, but also produces an analogue of the equivariant first
Chern class of CM line bundle, which is irrational in our general µK-stability
setup. The product invites us to approach the compactification problem on
the moduli space of Fano manifolds with Ka¨hler–Ricci solitons.
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1. Main results
The aim of this paper is to justify the following definition of µ-Futaki invariant
by Theorem A and to unveil its GIT nature by Theorem B. We also propose an
approach to the compactification and the algebraization problem of the moduli
space of Fano manifolds with Ka¨hler–Ricci solitons constructed in [Ino1], as an
application of these results.
1
ar
X
iv
:2
00
4.
06
39
3v
1 
 [m
ath
.A
G]
  1
4 A
pr
 20
20
2 EIJI INOUE
Throughout this paper, we denote by T an algebraic torus over C or its closed
real torus and by t = N(T )⊗ R its real Lie algebra. All schemes and varieties are
finite type over C.
Definition 1.1 (µ-Futaki invariant). Let (X,L) be a T -polarized pure n-dimensional
scheme. Fix parameters λ ∈ R and ξ ∈ t. For a T -equivariant test configuration
(X ,L) of (X,L), we define its µλξ -Futaki invariant by
Futλξ (X ,L) = 4pi
Evξ
(
(κTX¯/CP 1 .e
L¯T ) · (eLT )− (κTX .eLT ) · (eL¯T )
)
(Evξ(eLT ))2
+ 2λ
Evξ
(
(L¯T .eL¯T ) · (eLT )− (LT .eLT ) · (eL¯T )
)
(Evξ(eLT ))2
− Evξ(e
L¯T )
Evξ(eLT )
 .
Here we denote
• by κTX¯/CP 1 ∈ H lf,T2n (X¯ ,Q) and κTX ∈ H lf,T2n−2(X,Q), the T -equivariant (rel-
ative) canonical classes derived from the equivariant homology todd class
τTX(OX). These are well-defined for general (non-reduced, non-irreducible,
non-normal) schemes of finite type over C and are natural in view of the
equivariant Grothendieck–Riemann–Roch theorem, while we do not have
a general prescription associating a T -equivariant Weil divisor KTX to the
T -equivariant dualizing sheaf ωX when X is not Gorenstein in codimension
one (or not normal). See section 2.2.2 for more information. We indeed
deal with general schematic families in our application of Theorem B to the
moduli problem.
• by (eL¯T ), (L¯T .eL¯T ), (κTX¯/CP 1 .eL¯T ), (eLT ), (LT .eLT ) and (κTX .eLT ), absolute
equivariant intersections, which are a priori elements of the ring Sˆt∨ =∏∞
k=0 S
kt∨ of formal power series. See the last paragraph in section 4.1 for
the precise definition. We verify in section 3.1.1 that these elements are
indeed Taylor expansions of real analytic functions on t, so we can regard
these as elements of Cω(t).
• by Evξ, the evaluation map Evξ : Cω(t)→ R valued at −2ξ ∈ t. The factor
−2 is essentially due to our convention on µλξ -cscK metric introduced in
[Ino2]. It is the ratio of the ∂¯-Hamiltonian potential θ to the moment
map µ. Namely, for µξ and θξ satisfying −dµξ = iξω,
√−1∂¯θξ = iξJω for
ξJ = Jξ +
√−1ξ, we have θξ = −2µξ modulo constant.
Our µ-Futaki invariant will be compared with the following established Futaki
invariants (see Proposition 3.13):
• Donaldson–Futaki invariant: Futλ0 (X/C,L) is equivalent to the Donaldson–
Futaki invariant DF(X ,L) for every test configuration (X ,L) of a polarized
scheme (X,L).
• Modified Futaki invariant (cf. [Xio, BW]): Suppose X is a Q-Fano variety
and L = −λ−1KX for λ > 0. Then Fut2piλξ (X ,L) is equivalent to the
modified Futaki invariant Futξ(X ,L) for every test configuration (X ,L) of
(X,L) with L = −λ−1KX/C.
Lahdili [Lah] proved the weighted K-semistability of weighted cscK manifolds
with respect to smooth test configurations by establishing the slope formula and
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the boundedness for weighted Mabuchi functional . We also see in Proposition
3.13 that our definition of µ-Futaki invariant is equivalent to Lahdili’s definition of
weighted Futaki invariant for smooth test configurations in our µ-formalism.
We enhance his result to µK-semistability with respect to general test configu-
rations.
Theorem A. If a smooth Ka¨hler manifold (X,L) admits a µλξ -cscK metric, then
(X,L) is µλξK-semistable with respect to general test configurations. Namely, the
µλξ -Futaki invariant is non-negative for every T -equivariant test configuration.
To reduce Theorem A to Lahdili’s result, we establish basics on absolute equi-
variant intersection in section 3.1.1 and show the following fundamental lemma.
The proof is reminiscent of arguments in [BHJ1] and [DR] for the usual K-stability.
Fundamental lemma (Theorem 3.16).
(1) A T -polarized normal variety (X,L) is µλξK-semistable (resp. µ
λ
ξK-polystable,
µλξK-stable) with respect to general test configurations iff it is µ
λ
ξK-semistable
(resp. µλξK-polystable, µ
λ
ξK-stable) with respect to normal test configura-
tions.
(2) A T -polarized manifold (X,L) is µλξK-semistable with respect to general
test configurations iff it is µλξK-semistable with respect to smooth test con-
figurations with reduced centrals fibres and ample L.
Throughout this paper, B denotes a connected smooth variety with an algebraic
action of an algebraic group G over C. We always identify H0G(B,R) with R. We de-
note by NSG(B,R) the subspace of H2G(B,R) spanned by the G-equivariant Neron–
Severi group which consists of G-equivariant first Chern classes of G-equivariant
algebraic line bundles.
Theorem B. Fix parameters λ ∈ R and ξ ∈ t. There exists an equivariant
characteristic class
DξµλT×G(X/B,L) ∈ NSG(B,R)
associated to a T×G-equivariant family (X/B,L) of polarized schemes on a smooth
G-variety B with the trivial T -action such that it enjoys the following properties.
(1) Naturality: Suppose we have a morphism G′ → G of algebraic group and
a G′-equivariant morphism f : B′ → B from a smooth G′-variety B′. Let
(X ′/B′,L′) be the T × G′-equivaraint family given by the base change of
(X/B,L) along f . Then we haveDξµλT×G′(X ′/B′,L′) = f∗DξµλT×G(X/B,L).
(2) µ-Futaki invariant: When the family (X/C,L) 	 C∗ is a T -equivariant test
configuration, then we have
DξµλT×C∗(X/C,L) = Futλξ (X ,L).η∨ ∈ H2C∗(C,R),
where η∨ denotes the positive generator of H2C∗(X,Z) ∼= Z.
(3) CM line bundle: When ξ = 0 (t = 0), we have
D0µλG(X/B,L) = −
4pi
(L·n)
cG1 (CM(X/B,L))
for the CM line bundle CM(X/B,L), independent of λ ∈ R. (cf. [PT])
(4) Parameter: The function D·µ·T×G(X/B,L) : t× R → H2G(B,R) : (ξ, λ) 7→
DξµλT×G(X/B,L) is real analytic. It is moreover affine with respect to
λ ∈ R for each fixed ξ ∈ t.
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We detect this characteristic class DξµλT×G(X/B,L) based on the following step-
wise observation:
• We observe in section 2.1.2 the localization formula on equivariant integra-
tion yields Odaka–Wang’s intersection formula of Donaldson–Futaki invari-
ant (for product configuration) directly from the differential geometric def-
inition of Futaki invariant (for product configuration), which we can easily
generalize to our µ-cscK setup since the invariant comes out of Donaldson–
Fujiki type moment map picture as explained in [Wang]. We can also detect
the equivariant first Chern class of the CM line bundle by the same idea.
On the other hand, while we have a differential geometric definition of
µ-Futaki invariant fitting into the µ-cscK setup, we can not readily derive
an intersection formula of µ-Futaki invariant, obstructed by the vector ξ ∈ t
turning up in the µ-Futaki invariant Futλξ (η) (see the equation (4)).
• There is a functional µλ on t (the log of the µ-volume functional we in-
troduced in [Ino2]) whose differential at ξ ∈ t to the direction η ∈ t gives
the µ-Futaki invariant Futλξ (η). Contrast to the µ-Futaki invariant, we eas-
ily find an equivariant cohomological expression of this functional. The
expression enables us to interpret µλ as a formal series of equivariant co-
homology classes µλT (X,L) ∈ HˆevenT (pt,R) :=
∏∞
i=0H
2i
T (pt,R), which is
nothing but the Taylor expansion of the functional under the identification
HˆevenT (pt,R) ∼= Sˆt∨ :=
∏∞
i=0 t
∨. It is easy to generalize this to an equi-
variant characteristic class µλG(X/B,L) ∈ HˆevenG (B,R) for a G-equivariant
family (X/B,L).
• We introduce ‘the differential operation D on HˆG(B,R)’ and study its basic
properties. We design the concept so that the differential DξµλT×C∗(X,L) ∈
H2C∗(pt,R) of µλT (X,L) at ξ ∈ t gives the µ-Futaki invariant in the sense
that we have DξµλT×C∗(X,L) = Futλξ (η).η∨ for the positive generator η ∈
H2C∗(pt,Z) ∼= Z. We must show some convergence results in equivariant
cohomology in order to justify the definition of the differential operation
Dξ : HˆevenT×G(B,R)→ H2G(B,R).
By our construction of DξµλT×G(X/B,L), the property (1) reduces to a problem
on the base-change behavior of the eqiuvariant relative canonical class κX/B , which
is in general regarded as a problem related to singularities of families. Since we
only need the base-change stability of the equivariant intersection of eqiuvariant
relative canonical class with equivariant line bundle, it suffices to employ the equi-
variant Grothendieck–Riemann–Roch theorem by Edidin–Graham [EG2] to see the
property (1).
Finally, we explain in section 3.3 an application of Thoerem B the compactifi-
cation problem on the moduli space of Fano manifolds with Ka¨hler–Ricci solitons
constructed in [Ino1].
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2. Preliminaries
2.1. Background on µ-cscK metric and µ-volume functional.
2.1.1. Weighted scalar curvature and µ-cscK metric. We briefly explain some ba-
sic notions around µ-cscK metric. The author introduced µ-scalar curvature in
the last paper [Ino2] to establish an inclusive framework of both cscK metric and
Ka¨hler–Ricci soliton based on the moment map picture observed in [Ino1]. On
the other hand, Lahdili [Lah] also considered a generalization of Donaldson–Fujiki
type moment map picture and introduced weighted scalar curvature as a far ex-
tensive framework, which includes µ-scalar curvature. The moment map picture
on weighted scalar curvature yields a version of Yau–Tian–Donaldson conjecture
which states that the existence of weighted scalar curvature on a given manifold
must be equivalent to a proper notion of ‘weigted K-stability’. Lahdili introduced
the weighted Futaki invariant for test configurations with smooth total spaces and
proved that every weighted cscK manifold has non-negative weighted Futaki in-
variants for all smooth test configurations. Since we reduce our Theorem A to his
result [Lah], we begin with his framework.
Let X be a compact Ka¨hler manifold with a Hamiltonian action of a torus T .
Let ω be a T -invariant Ka¨hler metric and µ : X → t∨ be a moment map. Since
X is compact, the moment polytope P = µ(X) (and even the measure µ∗ωn on
t∨ supported on P ) depends only on the equivariant cohomology class [ω + µ] ∈
H2T (X,R) (cf. [GGK, Section]).
For a smooth positive function v on P , Lahdili [Lah] defines the weighted scalar
curvature sv(ω) by
(1) sv(ω) := s(ω) · (v ◦ µω) + ∆ω(v ◦ µω)− 1
2
∑
1≤i,j≤k
(Jξi)µ
ω
ξj · (
∂2v
∂xi∂xj
◦ µω).
Note we follow Ka¨hlerian convention on the scalar curvature s(ω) = trω(Ric(ω)),
so it is the half of the Riemannian scalar curvature.
When v is of the form v(x) = v˜(〈x, ξ〉) with some smooth positive function v˜ on
R and ξ ∈ t, we can simplify
sv(ω) = s(ω) · (v˜ ◦ µωξ ) +
(
∆ωµ
ω
ξ · (v˜′ ◦ µωξ )− (∇µωξ ,∇µωξ ) · (v˜′′ ◦ µωξ )
)− 1
2
(Jξ)µωξ · (v˜′′ ◦ µωξ )
= s(ω) · (v˜ ◦ µωξ ) + ∆ωµωξ · (v˜′ ◦ µωξ ) +
1
2
(Jξ)µωξ · (v˜′′ ◦ µωξ )
In particular, when v(x) = v˜(〈x,−2ξ〉) with v˜ = et, we derive the µ-scalar curvature
sξ(ω):
sv(ω) =
(
(s(ω) + ¯θξ) + (¯θξ − (Jξ)θξ)
)
eθξ =: sξ(ω)e
θξ
with θξ = µ−2ξ, which satisfies
√−1∂¯θξ = iξJω for the holomorphic vector field
ξJ = Jξ +
√−1ξ.
For a real number λ ∈ R, we put
sλξ (ω) := sξ(ω)− λθξ = (s(ω) + ¯θξ) + (¯θξ − (Jξ)θξ)− λθξ
and call it µλξ -scalar curvature. We call a Ka¨hler metric ω has constant µ
λ
ξ -scalar
curvature if sλξ (ω) equals to a constant. When λ = 0, the constant
(2) s¯ξ :=
∫
X
sξ(ω)e
θξωn
/∫
X
eθξωn
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depends only on the cohomology class [ω] and the parameters λ ∈ R and ξ ∈ t.
When λ 6= 0, the constant
(3) s¯λξ := s¯ξ − λ
∫
X
θξe
θξωn
/∫
X
eθξωn
depends further on the normalization of µ. The constant µ
The µλξ -cscK metric is equivalent to Ka¨hler–Ricci soliton when L = −KX and
λ = 2pi as observed in [Ino1]. The claim is as follows. Let X be a Fano manifold
and ω be a Ka¨hler metric in the Ka¨hler class 2piλ−1c1(X) for λ > 0. Then the
Ka¨hler metric ω satisfies the equation of Ka¨hler–Ricci soliton Ric(ω)−LJξω = λω
iff ω has constant µλξ -scalar curvature.
The moment map picture on µ-scalar curvature inspires us to introduce the
following µ-Futaki invariant
(4) Futλξ (η) = −
∫
X
(sλξ (ω)− s¯λξ )θηeθξωn
/∫
X
eθξωn.
for η ∈ t. It depends only on the cohomology class [ω] ∈ H2(X,R) and hence
vanishes if there exists a µλξ -cscK metric in the cohomology class [ω].
2.1.2. On the intersection formula of Donaldson–Futaki invariant. Before studying
µK-stability, we give a simple observation on Odaka–Wang’s intersection formula:
Donaldson–Futaki invariant directly follows from the differential geometric defini-
tion of Futaki invariant (for product configurations) just by applying the localiza-
tion formula in Example 4.6. We also derive an expression for the equivariant first
Chern class of CM line bundle in the Cartan model. The author believe that this
will help the readers to understand the construction of the cohomological µ-Futaki
invariant Dξµλ(X/B,L).
Let X be a compact Ka¨hler manifold and Λ : C∗ → Aut(X) be a one parameter
subgroup such that the U(1)-action on X is Hamiltonian with respect to a Ka¨hler
metric ω in a cohomology class L. Let ηX be the associated real holomorphic vector
filed:
ηX(x) =
d
dθ
∣∣∣
θ=0
x.Λ(e2pi
√−1θ).
Fix a moment map µ : X → u(1)∨. We denote the equivariant cohomology class
[ω + µ] by LU(1).
We denote by XΛ the product C × X endowed with the C∗-action given by
(z, x).t = (zt, x.Λ(t)). Let pi : XΛ → C and pX : XΛ → X be the projections.
The projections pi and pX are C∗-equivariant. Consider the pulled-back 2-form
Ω := p∗Xω on XΛ. Then the map µX : XΛ → u(1)∨ defined by µX (b, x) := µ(x) is
a moment map with respect to the restricted U(1)-action on XΛ and Ω.
As usual, we compactify XΛ by gluing the product C × X with a C∗-action
(z, x).t = (t−1z, x) via the C∗-equivariant isomorphism (C\{0})×X → XΛ\pi−1(0) :
(u, x) 7→ (u−1, x.Λ(u−1)) and denote the compactification by X¯Λ. We denote the
glued morphism X¯Λ → CP 1 by the same symbol pi.
Let
j : XΛ ↪→ X¯Λ, ˇ : C×X ↪→ X¯Λ,
i : C ↪→ CP 1 : z 7→ (z : 1), ıˇ : C ↪→ CP 1 : w 7→ (1 : w)
EQUIVARIANT CALCULUS ON µ-CHARACTER AND µK-STABILITY 7
be the associated immersions and
j0 = ˇ∞ : X ↪→ XΛ ↪→ X¯Λ, j∞ = ˇ0 : X ↪→ C×X ↪→ X¯Λ,
i0 = ıˇ∞ : pt→ CP 1 : i0(pt) = (0 : 1), i∞ = ıˇ0 : pt→ CP 1 : ıˇ0(pt) = (1 : 0).
be the embeddings of the central fibres and the origins.
By the equivariant Mayer–Vietoris sequence for X¯Λ = XΛ ∪ (C × X), we have
the following exact sequence:
0→ H2U(1)(X¯Λ)
j∗0⊕j∗∞−−−−→ H2U(1)(X)⊕(u(1)∨⊕H2(X))
[α+ν]⊕(c,[β]) 7→[α]−[β]−−−−−−−−−−−−−−−→ H2(X)→ 0,
where we identified H2U(1)(XΛ) with H2U(1)(X) and H2U(1)(C×X) with H2(CP∞×
X) = u(1)∨ ⊕H2(X) in natural ways. (Note the C∗-action on the central fibre of
C×X is trivial. ) In particular, we have the isomorphism
H2U(1)(X¯Λ) ∼= H2U(1)(X)⊕ u(1)∨ : [α+ ν] 7→ j∗0 [α+ ν]⊕ (ν ◦ j∞),
where ν◦j∞ is regarded as a constant. (Indeed, ν◦j∞ is a constant function on X as
d(νη ◦ j∞) = j∗∞dνη = −j∗∞iηX¯ ν = 0 by ηX¯ |j∞(X) = 0. ) Let L¯U(1) ∈ H2U(1)(X¯Λ,R)
be the equivariant cohomology class corresponding to [ω+µ]⊕0 ∈ H2U(1)(X)⊕u(1)∨
and L¯ ∈ H2(X¯Λ,R) be the associated cohomology class.
Now we observe that the localization formula in equivariant cohomology (es-
sentially, Stokes theorem) derives the following famous Odaka–Wang’s intersection
formula of Futaki invariant, not passing Donaldson’s definition derived via the equi-
variant Riemann–Roch theorem.
Lemma 2.1 (Intersection formula). In the setting as above, the cohomology class
Fut(ηX).η
∨ ∈ H2U(1)({0}) is given as the image of the following cohomology class
along i∗0 : H
2
U(1)(CP
1)→ H2U(1)({0}) ∼= R.η∨:
−4pi · p¯i∗
(
K
U(1)
X¯/CP 1 ^ L¯^nU(1) +
n
n+ 1
(−KX .L·(n−1))
(L·n)
L¯^(n+1)U(1)
)
∈ H2U(1)(CP 1).
As a consequence, we obtain the following well-known Odaka–Wang’s intersec-
tion formula:
Fut(ηX) = 4pi
(
(KX¯/CP 1 .L¯·n) +
n
n+ 1
(−KX .L·(n−1))
(L·n)
(L¯·(n+1))
)
.
Proof. Since j∗0 L¯U(1) = LU(1) = [ω + µ] and j∗0KU(1)X¯ = K
U(1)
X = − 12pi [Ricω + ¯µ],
we compute
−Fut(ηX).η∨ =
∫
X
θη sˆω ω
n.η∨ =
(
n
∫
X
µ−2ηRicω ∧ ωn−1 − s¯
∫
X
µ−2ηωn
)
.η∨
= −2
∫
X
(Ricω + ¯µ) ∧ (ω + µ)n + 2 s¯
n+ 1
∫
X
(ω + µ)n+1
= 2 ·
∫
X
(
− [Ricω + ¯µ] ∧ [ω + µ]n + s¯
n+ 1
[ω + µ]n+1
)
= 4pi ·
∫
X
j∗0
(
K
U(1)
X¯/CP 1 ^ L¯^nU(1) +
n
n+ 1
−KX .L·(n−1)
L·n
L¯^(n+1)U(1)
)
.
Then the first claim follows by the formula
∫
X
j∗0 = i
∗
0pi∗ for the submersion pi.
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For the second claim, we employ the localization formula. By the localization
formula
∫
CP 1 u = −(i∗0u− i∗∞u)/η∨ on u ∈ H2U(1)(CP 1,R) in Example 4.6, we have∫
X¯
v =
∫
CP 1
pi∗v = −i∗0pi∗v/η∨
for v ∈ H2n+2U(1) (X¯ ,R) with j∗∞v = 0. Since j∗∞L¯U(1) = [ω˜ + 0] and j∗∞KU(1)¯X/CP 1 =
[Ricω˜ + 0], we have
i∗∞pi∗L¯^(n+1)U(1) =
∫
X
(ω˜ + 0)n+1 = 0
i∗∞pi∗(K
U(1)
X¯/CP 1 ^ L¯nU(1)) =
∫
X
(Ricω˜ + 0)(ω˜ + 0)
n = 0,
so that we get
Fut(ηX) = −4pi · i∗0pi∗
(
K
U(1)
X¯/CP 1 ^ L¯nU(1) +
n
n+ 1
−KX .ω·(n−1)
ω·n
L¯n+1U(1)
)/
η∨
= 4pi ·
∫
X¯
(
K
U(1)
X¯/CP 1 ^ L¯nU(1) +
n
n+ 1
−KX .ω·(n−1)
ω·n
L¯n+1U(1)
)
= 4pi
(
(KX¯/CP 1 .L¯·n) +
n
n+ 1
−KX .ω·(n−1)
ω·n
(L¯·(n+1))
)
.

2.1.3. Equivariant cohomological interpretation of µ-Futaki invariant. Here we give
an essential observation for Theorem B.
The µ-volume functional Volλ : t→ R
(5) Volλ(ξ) := es¯
λ
ξ
(∫
X
eθξωn
)λ
was introduced in [Ino2] so that the derivative satisfiesDξ(− log Volλ)(η) = Futλξ (η).
The functional is designed so that it generalizes Tian–Zhu’s volume functional∫
X
eθξωn introduced in the study of Ka¨hler–Ricci soliton [TZ]. Indeed, we have
s¯2piξ = 2pin when (X,L) = (X,−KX) is an n-dimensional Fano manifold.
We proved in [Ino2] that the µ-volume functional tends to +∞ as |ξ| → ∞ for
each λ ∈ R, so that the functional always admits a critical point and the critical
points are unique for λ 0, but always not unique for λ 0. Moreover, the set of
vectors associated to some µ-cscK metric is (empty or) finite for each λ ≤ 0 and is
contained in the center of t. The author expects that the critical points are indeed
unique for λ ≤ 0.
Now we note the following equivariant intersection formulae∫
X
(s(ω) + ¯θξ)eθξωn = n!Evξ
∫
X
(Ricω + ¯µ)eω+µ = −2pin!Evξ(κTX .eLT ),∫
X
(n+ θξ)e
θξωn = n!Evξ
∫
X
(ω + µ)eω+µ = n!Evξ(LT .e
LT ),∫
X
eθξωn = n!Evξ
∫
X
eω+µ = n!Evξ(e
LT )
for LT := [ω + µ] and κ
T
X := −cT1 (X) = − 12pi [Ricω + ¯µ]. Here we identify the
canonical class κTX with its equivariant Poincare dual −cT1 (X) just for simplicity.
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See Appendix 4.1 and 4.2 for the precise definition of the notation in the last ex-
pressions. Here we just note that the equivariant push-forwards (κTX .e
LT ), (LT .e
LT )
and (eLT ) along p : X → pt are elements of HˆevenT (pt,R) and the evaluation
Evξ = ev−2ξ of these elements are by definition the infinite series Evξ(α.eLT ) :=∑∞
k=0
1
k!Evξ(α.L
^k
T ) ∈ R for α = κTX , LT , [X]T . The Cartan model of equivariant
cohomology explains the equality Evξ(α.L
^k
T ) =
∫
X
(A + ν−2ξ)(ω + µ−2ξ)k with
[A + ν] = α ∈ H2dR,T (X,R), so the the convergence of the infinite series follow by
the convergence of the infinite series
∑∞
k=0
1
k! ((A+ν−2ξ)(ω+µ−2ξ)k)〈n〉 of 2n-forms
on X to the above integrands. We discuss the convergence in more general setups
in section 3.1 based on a preliminary in section 2.2.1.
Now we can express the following variant
(6) µλ(ξ) := − log Vol
λ(ξ)
(n!en)λ
= −s¯λξ + λn− λ log
( 1
n!
∫
X
eθξωn
)
as
2piEvξ(κ
T
X .e
LT ) · (Evξ(eLT ))−1 + λEvξ(LT .eLT ) · (Evξ(eLT ))−1 − λ log Evξ(eLT ).
Since µλ differs from − log Volλ by a constant, we have
(7) Futλξ (η) =
d
dt
∣∣∣
t=0
µλ(X,ω)(ξ + tη) = Dξµ
λ
(X,ω)(η).
On the other hand, since the degree zero part (eLT )〈0〉 = (L·n)/n! of the equi-
variant cohomology class (eLT ) ∈ HˆevenT (pt,R) is positive, we can also regard
(eLT )−1, log(eLT ) as equivariant cohomology classes in HˆevenT (pt,R). So the fol-
lowing gives a well-defined equivariant cohomology class
(8) µλT (X,L) := 2pi(κ
T
X .e
LT ) · (eLT )−1 + λ(LT .eLT ) · (eLT )−1 − λ log(eLT ).
If we replace the equivariant lift [ω + µ] ∈ H2T (X) of the cohomology class [ω] ∈
H2(X) to another lift LT+c := [ω+µ+c] by a constant c ∈ t∨, then (eLT ), (LT .eLT ), (κTX .eLT )
are replaced as
(eLT+c) = ec(eLT ),
((LT + c).e
LT+c) = ec(LT .e
LT ) + cec(eLT ),
(κTX .e
LT+c) = ec(κTX .e
LT ),
respectively. So µλT (X,L) depends only on the cohomology class L = [ω] and the
equivariant canonical class κTX .
If we take a base {x1, . . . , xk} of t∨, we can identify HˆevenT (pt,R) = Sˆt∨ with the
ring of formal power series RJx1, . . . , xkK. Then the element µλT (X,L) is identified
with the Taylor expansion of the functional µλ(− 12 ·) on t at the origin. Since the
functional µλ is real analytic, the differential Dξµ
λ(η) must be recovered from the
formal series µλT (X,L) when ξ is close to the origin. Moreover, the derivative Dµ
λ
away from the origin must be recovered from µλT (X,L), since µ
λ is real analytic
on the whole t. This is our strategy for detecting an equivariant cohomological
expression of µ-Futaki invariant. We will introduce a differential operation on
equivariant cohomology to arrange this idea in section 2.3.
2.2. Preliminaries for equivariant calculus.
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2.2.1. Topology on HdR,K∗ (X,R). We consider the following natural topology on
the space (D′)Kk (X) = (
⊕
j−2i=k S
ik∨ ⊗ D′j(X))K . We can naturally regard each
element of (D′)Kk (X) as a sum of K-equivariant i-homogeneous polynomial maps
ρi : k → ⊕D′k+2i(X) for i = d−k/2e, . . . , b(dimX − k)/2c. We say a sequence
{∑b(dimX−k)/2ci=d−k/2e ρim}m∈N converges to∑b(dimX−k)/2ci=d−k/2e ρi∞ iff ρim(ξ)(φ)→ ρi∞(ξ)(φ) ∈
R for every ξ ∈ k, φ ∈ Dk+2i(X) and each i.
We show that the quotient topology on the current homology HdR,Kp (X,R) in-
duced from the topology on (D′)Kp (X) is Hausdorff, even for non-compact X. We
in particular show that the following form-to-homology push-forward map is con-
tinuous for every K-equivariant proper C∞-map f : X → B:
(9) f∗ : Ω
n+p
K (X) ∩ (f∗)−1
(
Ker[∂K : (D′)Kb−p(B)→ (D′)Kb−p+1(B)]
)
→ HKb−p(B)
with respect to the unique Hausdorff topology on HpK(X,R). Here we put b :=
dimB and n := dimX−dimB. Note the spaceHdR,Kp (X,R) has a unique Hausdorff
topology defined by a norm since it is finite dimensional for each p ∈ Z, however,
the quotient topology is a priori unrelated to the norm topology. (Indeed, there is a
non-Hausdorff cohomology theory such as ∂¯-cohomology since Hodge decomposition
does not work in the non-compact case. )
We apply the following de Rham’s theorem and the spectral sequence of topo-
logical vector spaces associated with the double complex of the Cartan model.
Proposition 2.2. [deR, Chapter IV, Theorem 17’] A p-current σ ∈ D′p(X) is exact
if and only if σ(φ) = 0 for every closed compactly supported C∞-form φ ∈ Dp(X).
Corollary 2.3. The induced topology on the current homology HdRp (X,R) is Haus-
dorff.
Proof. The space of exact p-currents ∂D′p+1(X) ⊂ Dp(X) is a closed subset of
Dp(X) since we have σm(φ)→ σ∞(φ) for every convergent sequence σm → σ∞. 
We use the following easy lemma in our spectral sequence argument.
Lemma 2.4. Let V1 be a topological vector space and V2 be a Hausdorff topological
vector space. Suppose there is a continuous map p : V1 → V2 such that the induced
topology on the subspace V0 := p
−1(0) is Hausdorff, then V1 is also Hausdorff.
Proof. The topological vector space V1 is Hausdorff iff {0} ∈ V1 is closed. The
closure W := {0} in V1 is a linear subspace of V1 and W ∩ V0 = {0} as V0 is
Hausdorff. The closure of {0} in the quotient space V1/V0 is given by (W +V0)/V0.
On the other hand, as V2 is Hausdorff and p is continuous, V0 = p
−1(0) is a closed
subspace of V1. It follows that the quotient V1/V0 is Hausdorff, so that we have
{0} = {0} = (W + V0)/V0. This proves W = {0}. 
Proposition 2.5. Let ({Cp,q}p≥0,q≥0, δ, d) be a first quadrant double complex of
(Hausdorff) topological vector spaces with continuous derivatives δ, d whose E1-
page is a finite dimensional Hausdorff topological vector space with respect to the
quotient topology induced from Cp,q. Then the cohomology Hk(
∏
p+q=• C
p,q, δ+d)
of the total complex is a finite dimensional Hausdorff topological vector space with
respect to the quotient topology induced from
∏
p+q=k C
p,q.
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Proof. Let us recall the argument of spectral sequence. Put Ckl :=
∏
p+q=k,p≥l C
p,q.
There is a decreasing filtration
Hk(
∏
p+q=•
Cp,q, δ + d) = Hk0 ⊃ · · · ⊃ Hk1 ⊃ · · · ⊃ Hkk ⊃ 0
on the cohomology Hk(
∏
p+q=• C
p,q, δ + d) of the total complex derived from the
decreasing filtration {Ckl ∩Ker(δ + d)}kl=0 of Ker(δ + d).
Now we consider the quotient topology on each Hkl induced from the sub-
space Ckl ∩ Ker(δ + d) of the product
∏
p+q=k C
p,q (endowed with the product
topology). From the above lemma, it suffices to show the quotient topology on
El,k−l∞ := H
k
l /H
k
l+1 induced from H
k
l is Hausdorff. By the usual lemma of spec-
tral sequence, we can (algebraically) compute the quotient vector space El,k−l∞ by
computing the cohomologies of Er-pages E
l,k−l
r successively. We must see the
successive computation of Er-page also detects the Hausdorffness. It is a gen-
eral lemma that if we have a topological vector space V and its subspaces W and
V ′,W ′ with W ′ ⊂ V ′, then there is a natural linear bijective homeomorphism
(V/W )/(V ′/W ′) → V/(W + V ′) of topological vector spaces, where we take the
usual algebraic quotient and sum. It follows that we have a linear bijective home-
omorphism
(10) El,k−l∞ →
Ckl ∩Ker(δ + d)(
Ckl ∩ Im(δ + d)
)
+
(
Ckl+1 ∩Ker(δ + d)
) ,
so that it suffices to show that the right hand side is Hausdorff.
Recall the definition of the Er-page:
El,k−lr :=
(
Ckl ∩ (δ + d)−1Ck+1l+r
)
(
Ckl ∩ (δ + d)Ck−1l+1−r
)
+
(
Ckl+1 ∩ (δ + d)−1Ck+1l+r
) .
We consider the quotient topology on El,k−lr induced from C
k
l ∩ (δ + d)−1Ck+1l+r .
Then since El,k−lr for r > max(l, k − l) coincides with the right hand side in (10)
as topological vector spaces, the Hausdorffness of El,k−l∞ follows from that of E
l,k−l
r
for r > max(l, k − l).
Remember from the usual lemma on spectral sequence, we have a linear map
dp,qr : E
p,q
r → Ep+r,q−r+1r such that dp+r,q−r+1r ◦ dp,qr = 0 and a linear bijection
Ep,qr+1 → Ker(dp,qr )/Im(dp−r,q+r−1). The linear map dl,k−lr : El,k−lr → El+r,(k−l)−r+1r
is induced from the continuous map δ + d : Ckl ∩ (δ + d)−1Ck+1l+r → Ck+1l+r ∩ (δ +
d)−1Ck+2l+2r and the linear bijection E
p,q
r+1 → Ker(dp,qr )/Im(dp−r,q+r−1) is induced
from the continuous inclusion Ckl ∩ (δ + d)−1Ckl+r+1 ↪→ Ckl ∩ (δ + d)−1Ckl+r, so
that these maps are continuous linear bijection, while we do not state here the
continuity of the inverse map as there is no open mapping theorem for general
topological vector spaces. Thanks to the direction of the continuous bijection
Ep,qr+1 → Ker(dp,qr )/Im(dp−r,q+r−1), Ep,qr+1 is Hausdorff when the quotient topology
on Ker(dp,qr )/Im(d
p−r,q−1+r) induced from Ep,qr is Hausdorff.
Now our assumption that Ep,q1 are finite dimensional Hausdorff spaces implies
every subspace of Ep,q1 is closed, so that E
p,q
2 are again finite dimensional Hausdorff
spaces by the above general argument. Running the induction, we conclude that
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Ep,qr are finite dimesnional Hausdorff spaces for every r ≥ 1, and so are the spaces
Ep,q∞ . 
Proposition 2.6. The quotient topology on HdR,Kp (X,R) induced from the weak
topology on (D′)Kp (X) is Hausdorff for every p ∈ Z.
Proof. This follows by applying the above proposition to the double complex of
Cartan model with reversed index Ep,q0 =, whose assumption is confirmed by Propo-
sition 2.2 and the computation of E1-term:
Ep,q1 = (S
p(k∨)⊗Hq−p(X,R))K
as topological vector spaces. 
Corollary 2.7. The push-forward map (9) is continuous with respect to the Fre´chet
topology on Ωn+pK (X) and the Hausdorff topology on H
K
b−p(B).
We apply this continuity result to the key construction in section 3.1, together
with the following lemma.
Lemma 2.8. Let V be a Fre´chet space and {‖·‖l}l∈Z≥0 be a collection of seminorms
on V defining its Fre´chet structure. Let W be a Banach space and F : V →W be
a continuous linear map. Let {vi}∞i=0 ∈ V be a sequence such that
∑∞
i=0 ‖vi‖l <∞
for every l ≥ 0. Then the infinite series ∑∞i=0 F (vi) is absolutely convergent with
respect to the norm of W .
Proof. Remember that a linear map F : V → W from Fre´chet space to Banach
space is continuous if and only if there exists a constant C > 0 and N ∈ Z≥0 such
that
‖F (v)‖W ≤ C(‖v‖0 + · · · ‖v‖N )
for every v ∈ V . So the claim follows by
∞∑
i=0
‖F (vi)‖W ≤ C
N∑
l=0
∞∑
i=0
‖vi‖l <∞.

2.2.2. Equivariant homology todd class and equivariant Grothendieck–Riemann–
Roch theorem. Here we recall the equivariant Grothendieck–Riemann–Roch the-
orem for algebraic schemes established by Edidin–Graham [EG2] as equivariant
version of [Ful]. The equivariant Chow group AGp (X) is studied in [EG1] which is
defined in the same way as the equivariant locally finite homology. The statement
is as follows.
Theorem 2.9. Let G be an algebraic group. For each algebraic G-schemes X over
C (i.e. schemes locally of finite type over C), we can assign a homomorphism
τGX : K(Coh
G(X))→ AˆGQ (X)
from the K-group K(CohG(X)) of G-equivariant algebraic coherent sheaves on X to
the G-equivariant Chow group AˆGQ (X) =
∏
p∈ZA
G
p (X)⊗Q of Q-coefficient enjoying
the following properties.
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(1) (Grothendieck–Riemann–Roch) For any G-equivariant proper morphism
f : X → Y of algebraic schemes, we have f∗τGX (α) = τGY (f!α) for ev-
ery α ∈ K(CohG(X)). Here f!α for an element α = [F ] represented by
a G-equivariant coherent sheaf F denotes the element ∑i(−1)i[Rif∗F ] in
K(CohG(Y )), where the higher direct image sheaves Rif∗F areG-linearized
in a natural way.
(2) For every α ∈ K(CohG(X)) and β ∈ K(VectG(X)), we have τGX (α ⊗ β) =
τGX (α) _ chG(β).
(3) For closed subscheme Z ⊂ X of pure dimension p, we have τGX (OZ)〈p〉 =
[Z]G ∈ AGn (X).
(4) When X is smooth, we have PDG((τ
G
X (OX))〈p〉) = Tdn−pG (X).
Definition 2.10. For a pure n-dimensional algebraic G-scheme X over C, we define
the equivariant canonical class κGX ∈ H lf,G2n−2(X,Q) by
(11) κGX := −2clG(τGX (OX))〈n−1〉
under the equivariant cycle map clG : AGp (X)→ H lf,G2p (X).
For a relatively pure dimensional G-equivariant proper flat morphism pi : X → B
from an algebraic G-scheme X to a smooth G-variety B, we define the relative
equivariant canonical class κGX/B ∈ H lf,G2 dimX−2(X ,Q) by
(12) κGX/B := −2clG(τGX (OX ) _ pi?τGB (OB))〈dimX−1〉 = κGX − [X ]G _ pi?(κGB),
where we put pi? := pi∗ ◦ PDG,B : H lf,Gl (B)→ H2 dimX−lG (X ).
Let f : X˜ → X be a G-equivariant proper morphism of pure dimensional G-
schemes which is isomorphic away from a codimension k + 1 subscheme of the
target X. (Namely, there is a subscheme Z ⊂ X of codimension k + 1 such
that the restriction f−1(X \ Z) → X \ Z gives an isomorphism. ) Then we
have f∗(τGX˜ (OX˜))〈dim X˜−i〉 = τGX (OX)〈dimX−i〉 for i ≤ k as we have f!(τGX˜ (OX˜)) =
τGX (f∗[OX˜ ]) by the equivariant Grothendieck–Riemann–Roch and f![OX˜ ]− [OX ] =
[f∗OX˜/OX ] +
∑
i≥1(−1)i[Rif∗OX˜ ] is supported on Z. In particular, we have
κGX = K
G
X for any normal variety X, where K
G
X denote the locally finite homology
class corresponding to the equivariant frist Chern class cG1 (ωXreg) = −cG1 (Xreg) ∈
H2G(X
reg,Z) via the isomorphism H2G(Xreg) ∼= H lf,G2n−2(Xreg) ∼= H lf,G2n−2(X). If X
has only rational singularities, we have f!OX˜ = OX for any equivariant resolution
f : X˜ → X, so that f∗τGX˜ (OX˜) = τGX (OX).
Corollary 2.11. Let pi : X → B be a relatively pure n-dimensional G-equivariant
proper flat morphism from an algebraic G-scheme X to a smooth G-variety B,
f : B′ → B be a G-equivariant morphism from another smooth G-variety B′. Put
X ′ := X ×B B′ and denote by fˆ : X ′ → X and pi′ : X ′ → B′ the projection to the
first factor and the second factor, respectively.
For each G-equivariant line bundle L on X , we have
f∗
(
pi?
(
κGX/B _ c
G
1 (L)^(n+p−1)
))
= pi′?
(
κGX ′/B′ _ c
G
1 (fˆ
∗L)^(n+p−1))
in H2pG (B,Q).
In other words, the assignment
(13) L 7→ (κGX/B .eL)B ∈ HˆevenG (B,Q)
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is base change stable.
Proof. By the equivariant Grothendieck–Riemann–Roch theorem, we have
pi?τ
G
X (L⊗k) = PDGBτG(pi∗[L⊗k]) = τGB (OB) _ chG(pi∗[L⊗k])
in Hˆ lf,G(B,Q). Since τGB (OB) = [B]G _ TdG(B) and TdG(B) has the inverse
element TdG(−TB) with respect to the cup product, we obtain
chG(pi∗[L⊗k]) = PDGB(pi?τGX (L⊗k) _ TdG(−TB)).
We compute
pi?τ
G
X (L⊗k) = pi?(τGX (OX ) _ chG(L⊗k)) = pi?(τGX (OX ) _ ekc
G
1 (L))
and obtain(
chG(pi∗[L⊗k])
)〈dimB−q〉
=
∞∑
i=0
ki
i!
(
pi?(τ
G
X (OX ) _ pi∗TdG(−TB)) _ cG1 (L)^i
)〈dimB−q〉
=
dimX−p∑
i=0
ki
i!
pi?((τ
G
X (OX ) _ pi∗TdG(−TB))〈i+q〉 _ cG1 (L)^i).
It follows that
pi?(κ
G
X/B _ c
G
1 (L)^(n+p−1))
is the coefficient of degree n+p−1 of the polynomial map (chG(pi∗[L⊗•]))〈p〉 : Z→
H2pG (B,Q). Now the claim follows from
f∗(chG(pi∗[L⊗k])) = chG(f∗pi∗[L⊗k]) = chG(pi′∗[(fˆ∗L)⊗k]).

We denote by NSG(X ,R) ⊂ H2G(X ,R) the subspace spanned by {cG1 (L) | L ∈
PicG(X )}. Since the map H2G(X ,R) → H2pG (B,R) : c 7→ pi?(κGX/B _ c^(n+p−1))
is continuous, the assignment c 7→ pi?
(
κGX/B _ e
c
)
is also base change stable for
c ∈ NSG(X ,R).
2.3. Differential operation on equivariant cohomology. Here we introduce a
differential operation on equivariant cohomology. We use this notion to construct
the cohomological µ-Futaki invariant DTξ µλG(X/B,L).
Let G be a topological group, B be a connected (for simplicity) topological space
with a G-action and T be a (closed/algebraic) torus acting on B trivially. (We can
also deal with the case when B is T -equivariantly homotopically equivalent to a
space with the trivial T -action, such as B = C with a linear C∗-action. ) From the
assumption on the T -action, we have the following decomposition
(14) HˆevenT×G(B,R) =
∞∏
k=0
⊕
i+j=k
Sit∨ ⊗H2jG (B,R).
For an element α of HˆevenT×G(B,R), we denote by α〈i,j〉 the Sit∨ ⊗ H2jG (B,R)-
component of α:
α =
∞∑
k=0
α〈k〉 =
∞∑
k=0
 ∑
i+j=k
α〈i,j〉
 .
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As our formulation around µλξ -cscK metric fits into the ∂¯-Hamiltonian θξ = µ−2ξ
rather than the moment map µξ, we may better to prepare our notation by a factor
of −2. First of all, we put
(15) Evξ := ev−2ξ : HkT×G(B,R)→
⊕
0≤l≤k
H lG(B,R).
Definition 2.12 (Differential operation on equivariant cohomology). For an equi-
variant cohomology class of even degree α ∈ HˆevenT×G(B,R), we define the formal
k-derivative Dˆkα (on T to the direction G) to be the element of Sˆt∨⊗H2kG (B,R) :=∏∞
i=0 S
it∨ ⊗H2kG (B,R) defined as:
Dˆkα := (−2)kk!
∞∑
i=0
α〈i,k〉 ∈
∞∏
i=0
Sit∨ ⊗H2kG (B,R).
For k = 0, 1, . . . ,∞, we say that α is of class εk around ξ ∈ t if for each l ∈
Z≥0 with l ≤ k (or l < ∞ when k = ∞) the sum
∑∞
i=0 Evξ(α
〈i,l〉) is locally
uniformly absolutely-convergent around ξ ∈ t with respect to some (hence any)
norm on H2lG (B,R). In this case, the sum (−2)kk!
∑∞
i=0 Evξ(α
〈i,k〉) is unconditional
convergent in H2kG (B,R). We denote the limit by
(16) Dkξα := (−2)kk!
∞∑
i=0
Evξ(α
〈i,k〉) ∈ H2kG (B,R)
and simply denote it by Dξα for k = 1.
The following example illustrates the way to regard this operation as differential.
Example 2.13. Consider the case G = C∗, T = (C∗)×m and B = pt. In this case,
an equivariant cohomology class α ∈ HˆevenT×G(B,R) = RJν∨1 , . . . , ν∨m, η∨K is identified
with the formal power series
α =
∞∑
j=0
1
j!
( ∑
i=(i1,...,im)
1
i!
ai,j .(ν
∨)i
)
.(η∨)j ∈ RJν∨KJη∨K
with some ai,j ∈ R for each i = (i1, . . . , im) ∈ Zm≥0. Here we put i! = i1! · · · im! and
(ν∨)i = (ν∨1 )
i1 · · · (ν∨m)im . Since
α〈i,j〉 =
1
j!
(∑
|i|=i
1
i!
ai,j .(ν
∨)i
)
.(η∨)j ,
we have
Dˆkα =
(∑
i
1
i!
ai,j .(ν
∨)i
)
.(−2η∨)k.
So we formally get
Dkξα =
(∑
i
1
i!
ai,k(−2x)i
)
.(−2η∨)k
for ξ = x.ν = x1ν1 + · · ·+ xmνm ∈ t.
Now we consider a group morphism Λ : G→ T : t 7→ (tλ1 , . . . , tλm) and treat the
case when α is the pull-back (idT×Λ)∗β of some β =
∑
i
1
i!bi.(ν
∨)i ∈ HˆevenT (B,R) =
16 EIJI INOUE
RJν∨K. The pull-back α = (idT × Λ)∗β ∈ HˆevenT×G(B,R) = RJν∨KJη∨K is expressed
as
α =
∑
i=(i1,...,im)
1
i!
bi.(ν
∨ + (λ1η∨, . . . , λmη∨))i
=
∑
i1,...,im
1
i1! · · · im!b(i1,...,im)(ν1 + λ1η
∨)i1 · · · (νm + λmη∨)im
=
∑
i1,...,im
1
i1! · · · im!b(i1,...,im)
( i1∑
k1=0
(
i1
k1
)
(ν∨1 )
i1−k1(λ1η∨)k1
)
· · ·
( im∑
km=0
(
im
km
)
(ν∨m)
im−km(λmη∨)km
)
=
∑
i
∑
k≤i
1
(i− k)!k!bi(ν
∨)i−kλk(η∨)|k|
=
∞∑
k=0
1
k!
( ∑
|k|=k
∑
l
k!
l!k!
bk+lλ
k(ν∨)l
)
.(η∨)k.
So we formally get
Dkξα =
( ∑
|k|=k
∑
l
k!
l!k!
bk+l(−2λ)k(−2x)l
)
.(η∨)k.
The coefficient can be identified with the usual differential: suppose the power
series fβ(x) =
∑
i
1
i!bix
i is locally uniformly absoulte-convergent on Rm, then for
Fβ(x) := fβ(−2x) we have
( dk
dtk
)∣∣∣
t=0
Fβ(x+ tλ) =
∑
|k|=k
∑
l
k!
l!k!
bk+l(−2λ)k(−2x)l.
In particular, the pull-back α = (idT × Λ)∗β is of class ε∞. This is the reason we
call Dˆkα the formal derivative on T to the direction G.
Proposition 2.14 (Leibniz rule). We have the following formal Leibniz rule for
α, β ∈ HˆevenT×G(B,R):
(17) Dˆk(α ^ β) =
k∑
l=0
(
k
l
)
Dˆlα ^ Dˆk−lβ ∈
∞∏
i=0
Sit∨ ⊗H2kG (B,R).
Suppose α and β are of class εk around ξ ∈ t, then so is α ^ β and we have the
following Leibniz rule:
(18) Dkξ (α ^ β) =
∑
l=0
(
k
l
)
Dlξα ^ Dk−lξ β ∈ H2kG (B,R).
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Proof. The first claim follows directly by
Dˆk(α ^ β) = k!
∞∑
i=0
(α ^ β)〈i,k〉 = k!
∞∑
i=0
∑
p+q=i
k∑
l=0
α〈p,l〉 ^ β〈q,k−l〉
=
k∑
l=0
k!
( ∞∑
p=0
α〈p,l〉
)
^
( ∞∑
q=0
β〈q,k−l〉
)
=
k∑
l=0
k!
l!(k − l)!
(
l!
∞∑
p=0
α〈p,l〉
)
^
(
(k − l)!
∞∑
q=0
β〈q,k−l〉
)
=
k∑
l=0
(
k
l
)
Dˆlα ^ Dˆk−lβ.
The second claim on the absolute convergence follows by Tonelli’s theorem. Indeed,
we may take the norms {‖ · ‖l}l≤k on {H2lG (B,R)}l≤k so that ‖u ^ v‖k ≤ ‖u‖l ·
‖v‖k−l for every u ∈ H2lG (B,R) and v ∈ H2(k−l)G (B,R). Then since
‖Evξ(α〈p,l〉 ^ β〈q,k−l〉)‖k ≤ ‖Evξα〈p,l〉‖l · ‖Evξβ〈q,k−l〉‖k−l,
we have
∞∑
i=0
‖Evξ(α ^ β)〈i,k〉‖k ≤
∞∑
i=0
∑
p+q=i
k∑
l=0
‖Evξ(α〈p,l〉 ^ β〈q,k−l〉)‖k
≤
k∑
l=0
∞∑
i=0
∑
p+q=i
‖Evξα〈p,l〉‖l · ‖Evξβ〈q,k−l〉‖k−l
=
k∑
l=0
( ∞∑
p=0
‖Evξα〈p,l〉‖l
)( ∞∑
q=0
‖Evξβ〈q,k−l〉‖k−l
)
.

Suppose the degree zero part α〈0〉 ∈ H0T×G(B,R) ∼= R is not zero (resp. positive),
then we can define an element α−1 (resp. logα) of HˆevenT×G(B,R) by
(19) α−1 :=
1
α〈0〉
+
1
α〈0〉
∞∑
k=1
 k∑
l=1
( −1
α〈0〉
)l ∑
k∈Nl,|k|=k
α〈k〉
 ∈ HˆevenT×G(B,R)
and
(20) logα := logα〈0〉 −
∞∑
k=1
 k∑
l=1
1
l
( −1
α〈0〉
)l ∑
k∈Nl,|k|=k
α〈k〉
 ∈ HˆevenT×G(B,R).
Here we put |k| := k1 + · · ·+ km and α〈k〉 := α〈k1〉 · · ·α〈kl〉 ∈ H2|k|T×G(B,R) for the
set of l-tuples of positive integers and for k = (k1, . . . , kl) ∈ Nl. These definitions
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are based on the following expansion; for instance as for α−1,
α−1 =
1
α〈0〉
(
1 + (
1
α〈0〉
α− 1)
)−1
=
1
α〈0〉
∞∑
l=0
(−1)l
( 1
α〈0〉
α− 1
)l
=
1
α〈0〉
∞∑
l=0
( −1
α〈0〉
)l( ∞∑
k=1
α〈k〉
)l
and for l ≥ 1, ( ∞∑
k=1
α〈k〉
)l
=
∞∑
k=l
∑
k∈Nl,|k|=k
α〈k〉
Note here for each k ∈ N, the sum ∑kl=1 ( −1α〈0〉)l∑k∈Nl,|k|=k α〈k〉 in H2kT×G(B,R)
is a finite sum.
Proposition 2.15. We have
Dˆ0(α−1) = (Dˆ0α)−1 ∈
∞∏
i=0
Sit∨,(21)
Dˆ(α−1) = −Dˆα · (Dˆ0α)−2 ∈
∞∏
i=0
Sit∨ ⊗H2G(B,R)(22)
for α ∈ HˆevenT×G(B,R) with α〈0〉 6= 0 and have
Dˆ0(logα) = log(Dˆα) ∈
∞∏
i=0
Sit∨,(23)
Dˆ(logα) = Dˆα · (Dˆ0α)−1 ∈
∞∏
i=0
Sit∨ ⊗H2G(B,R)(24)
for α〈0〉 > 0.
If moreover α is of class ε0 (resp. ε1) around the origin, then α−1 and logα are
also ε0 (resp. ε1) around the origin (possibly on a smaller ball) and
D0ξ(α−1) = (D0ξα)−1 ∈ R,(25)
( resp. Dξ(α−1) = −Dξα · (D0ξα)−2 ∈ H2G(B,R)),(26)
D0ξ(logα) = log(D0ξα) ∈ R,(27)
( resp. Dξ(logα) = Dξα · (D0ξα)−1 ∈ H2G(B,R)).(28)
around the origin.
Proof. First of all, we have (α−1)〈0,0〉 = (α〈0〉)−1 ∈ H0G(B,R) = R and
(α−1)〈i,0〉 =
1
α〈0〉
i∑
l=1
( −1
α〈0〉
)l ∑
i∈Nl,|i|=i
α〈i,0〉 ∈ Sit∨ ⊗H0G(B,R)
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for i ≥ 1, which is a finite sum. So we compute
Dˆ0(α−1) =
∞∑
i=0
(α−1)〈i,0〉 =
1
α〈0〉
+
1
α〈0〉
∞∑
i=1
i∑
l=1
( −1
α〈0〉
)l ∑
i∈Nl,|i|=i
α〈i,0〉
=
1
α〈0〉
∞∑
l=0
( −1
α〈0〉
∞∑
i=1
α〈i,0〉
)l
=
1
α〈0〉
(
1 +
1
α〈0〉
∞∑
i=1
α〈i,0〉
)−1
=
( ∞∑
i=0
α〈i,0〉
)−1
= (Dˆ0α)−1
in the ring
∏∞
p=0 S
pt∨.
Suppose α is of class ε0. To show that α−1 is also of class ε0, we must see that
the infinite series
(29)
∞∑
i=1
∣∣∣ i∑
l=1
( −1
α〈0〉
)l ∑
i∈Nl,|i|=i
Evξα
〈i,0〉
∣∣∣
converges uniformly around the origin. We can bound this by
∞∑
i=1
i∑
l=1
( 1
|α〈0〉|
)l ∑
i∈Nl,|i|=i
|Evξα〈i,0〉| =
∞∑
l=1
( 1
|α〈0〉|
∞∑
i=1
|Evξα〈i,0〉|
)l
.
This converges when 1|α〈0〉|
∑∞
i=1 |Evξα〈i,0〉| < 1. Since
∑∞
i=1 |Ev0α〈i,0〉| = 0 and∑∞
i=1 |Evξα〈i,0〉| is continuous with respect to ξ around the origin by its uniform
convergence, we can achieve the convergence condition when ξ is sufficiently close
to the origin, so that we get the uniform convergence of (29).
To see D0ξ(α−1) = (D0ξα)−1 for ξ close to the origin, we put
fξ(i, l) :=

(
−1
α〈0〉
)l∑
i∈Nl,|i|=i Evξα
〈i,0〉 l ≤ i
0 l > i
.
Since
∞∑
l=1
∞∑
i=1
|fξ(i, l)| ≤
∞∑
l=1
( 1
|α〈0〉|
)l ∞∑
i=1
∑
i∈Nl,|i|=i
|Evξα〈i,0〉|
=
∞∑
l=1
( 1
|α〈0〉|
∞∑
i=1
|Evξα〈i,0〉|
)l
,
fξ(i, l) is integrable on N2 by Tonelli’s theorem. It follows that
D0ξ(α−1) =
1
α〈0〉
+
∞∑
i=1
∞∑
l=1
fξ(i, l) =
1
α〈0〉
+
∞∑
l=1
∞∑
i=1
fξ(i, l) = (D0ξα)−1
by Fubini’s theorem.
Similarly, we have (α−1)〈0,1〉 = −(α〈0〉)−2α〈0,1〉 and
(α−1)〈i,1〉 =
1
α〈0〉
i∑
l=1
( −1
α〈0〉
)l
l
∑
i∈Z≥0×Nl−1,|i|=i
α〈i1,1〉 ·
l∏
p=2
α〈ip,0〉 ∈ Sit∨ ⊗H2G(B,R)
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for i ≥ 1, where we put ∏lp=2 α〈ip,0〉 := 1 when l = 1. We compute
Dˆ(α−1) =
∞∑
i=0
(α−1)〈i,1〉 = − α
〈0,1〉
(α〈0〉)2
+
1
α〈0〉
∞∑
i=1
i∑
l=1
( −1
α〈0〉
)l
l
∑
i∈Z≥0×Nl−1,|i|=i
α〈i1,1〉 ·
l∏
p=2
α〈ip,0〉
= −
( ∞∑
i=0
α〈i,1〉
) 1
(α〈0〉)2
∞∑
l=1
l
( −1
α〈0〉
∞∑
i=1
α〈i,0〉
)l−1
= −Dˆα · 1
(α〈0〉)2
(
1 +
1
α〈0〉
∞∑
i=1
α〈i,0〉
)−2
= −Dˆα · (Dˆ0α)−2
in Sˆt∨ ⊗ H2G(B,R). By the same argument as above, we see that α−1 is of class
ε1 around the origin when α is so. There is no essential difference for logα. So we
obtain the claim.

3. Equivariant calculus and µ-character
3.1. Equivariant calculus.
3.1.1. On the absolute equivariant intersection (α.eL). LetX be a pure n-dimensional
scheme with a T -action. Here we consider the differential D0ξ(α.eL) of the abso-
lute equivariant intersection (α.eL) ∈ HˆevenT×{1}(pt,R) of a second equivariant lo-
cally finite homology class α ∈ H lf,T2p (X,R) and a second equivariant cohomol-
ogy class L ∈ H2T (X,R). Since the decomposition (14) gives the identification
HˆevenT×{1}(pt,R) =
∏∞
i=0 S
it∨ ⊗H0(pt,R), we have
(α.eL)〈i,k〉 =
{
1
(i+(n−p))! (α.L
^(i+(n−p))) k = 0
0 k ≥ 1 ,
so that Dˆk(α.eL) = 0 for k ≥ 1 and
Dˆ0(α.eL) =
∞∑
j=0
1
j!
(α.L^j).
For a pure n-dimensional G-scheme X, we denote by Halg,G2n−2(X,R) the subspace
of H lf,G2n−2(X,R) = H lf2n−2+2 dimC B2G(E2G×GX,R) spanned by divisors on E2G×G
X. Here the scheme E2G is as in Appendix, i.e. a G-invariant Zariski open set
of the subset {v ∈ V | v.g = v ⇐⇒ g = 1} of a G-representation V with
dimC(V \ E2G) ≥ 2. This is a well-defined subspace of H lf,G2n−2(X,R) by [EG1].
Note that Halg,G2n−2(X,R) is larger than the subspace {
∑
i ai[E2G×G Zi] | Zi ⊂ X :
G-invariant divisor} spanned by G-equivariant fundamental classes of G-invariant
divisors. (See the case G = C∗ and X is a point for example. ) We firstly note the
following lemma.
Lemma 3.1. Let X and Z be pure n-dimensional G-schemes and f : Z → X
be a proper surjective G-equivariant morphism. Then the push-forward maps f∗ :
Halg,G2n−2(Z,R)→ Halg,G2n−2(X,R) and f∗ : H lf,G2n (Z,R)→ H lf,G2n (X,R) are surjective.
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Proof. Since the induced morphism id×G f : E2G×GZ → E2G×GX is also proper
surjective, the claim reduces to the trivial case G = {1}. By the reduction and the
irreducible decomposition, we may assume that X and Z is irreducible. (For each
irreducible component Xi of X, there is an irreducible component Zi of Z with
f(Zi) = Xi. ) For any prime divisor Y ⊂ X, f−1(Y ) ⊂ Z contains a prime divisor
of Z. Indeed, if not, then f−1(Y ) is (n − 2)-dimensional, so that f(f−1(Y )) 6= Y
as Y is (n− 1)-dimensional, which contradicts to the surjectivity. 
Now we prove the following fundamental on absolute equivariant intersection.
Proposition 3.2. Let X be a pure n-dimensional proper scheme and L be a second
equivariant cohomology class on X. If α ∈ H lf,T2n (X,R) or α ∈ Halg,T2n−2(X,R) the
infinite series
D0ξ(α.eL) =
∞∑
j=0
1
j!
Evξ(α.L
^j) =: Evξ(α.e
L)
is locally uniformly absolutely-convergent on t. When L is semi-ample and big,
Evξ(e
L) = Evξ([X].e
L) is positive.
Proof. Take the irreducible decomposition of the reduction X irr → Xred → X
and a T -equivariant resolution of singularities X˜ → X irr. Let f : X˜ → X be
the composition of these morphisms. By Lemma 3.1, we can pick an element
α˜ ∈ Halg,T2n−2(X˜,R) (resp. α˜ ∈ H lf,T2n (X˜,R)) with f∗α˜ = α for α ∈ Halg,T2n−2(X,R)
(resp. α ∈ H lf,T2n (X,R)). Since we have (α.eL) = (α˜.ef
∗L) by the projection
formula, we may assume X is smooth.
Suppose α ∈ H lf,T2n−2(X,R). Pick equivariant 2-forms A + ν in the equivariant
Poincare dual PDT (α) and Ω + µ in L. We have
Evξ(α.L
^j) = Evξ
∫
X
(A+ ν)(Ω + µ)j
=
∫
X
(( j
n− 1
)
µ
j−(n−1)
−2ξ A ∧ Ωn−1 +
(
j
n
)
ν−2ξµ
j−n
−2ξΩ
n
)
.
Now the infinite series of 2n-forms
∞∑
j=0
1
j!
(( j
n− 1
)
µ
j−(n−1)
−2ξ A ∧ Ωn−1 +
(
j
n
)
ν−2ξµ
j−n
−2ξΩ
n
)
is locally uniformly absolutely-convergent on t with respect to the Cl-norm for every
l ∈ Z≥0, to the limit 2n-form
1
(n− 1)!e
µ−2ξA ∧ Ωn−1 + 1
n!
ν−2ξeµ−2ξΩn.
It follows that by Corollary 2.7 and Lemma 2.8, the infinite series
∑∞
j=0
1
j!Evξ(α.L
^j)
is locally uniformly absolutely-convergent to the integral∫
X
( 1
(n− 1)!e
µ−2ξA ∧ Ωn−1 + 1
n!
ν−2ξeµ−2ξΩn
)
=:
∫
X
(A+ ν−2ξ)eΩ+µ−2ξ .
(In the absolute case, we may apply the usual harmonic analysis to see the conti-
nuity of the form-to-cohomology proper push forward (9) of p : X → pt. )
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We similarly obtain the claim for α ∈ H lf,T2n (X,R). If L is semi-ample and big,
then we can pick a 2-form Ω so that it is semi-positive and is strictly positive on
some open set of X. Since eµ−2ξ is positive,
Evξ(α.e
L) =
∑
i
PDT (α|Xi)
n!
∫
Xi
eµ−2ξΩ|nXi
is positive if the Poincare duals PDT (α|Xi) ∈ R ∼= H0T (Xi,R) are positive for each
irreducible component. Here Xi are the connected components of the smooth X.
This proves the claim on the positivity as the Poincare dual ([Xred]T _)−1([X]T )
of the fundamental class of an irreducible scheme X is the length of OX/OXred at
the generic point, which is positive. 
The following is a key proposition to prove Theorem A.
Proposition 3.3. Let β : X ′ → X be a T -equivariant morphism of pure n-
dimensional projective schemes and L be a T -equivariant Q-line bundle on X.
(1) If β is an isomorphism away from a codimension one subscheme of the
target X, then we have
Evξ(e
β∗L) = Evξ(e
L), Evξ(β
∗L.eβ
∗L) = Evξ(L.e
L)
(2) If moreover β is finite away from a codimension two subscheme of the target
X & L is semi-ample and big (resp. if moreover β is an isomorphism away
from a codimension two subscheme of the target X), then we have
Evξ(κX′ .e
β∗L) ≤ Evξ(κX .eL) (resp. Evξ(κX′ .eβ∗L) = Evξ(κX .eL))
Proof. The first claim follows by β∗[X ′]T = [X]T and the equivariant projection
formula∫
X′
[X ′]T _ (β∗L)^(n+k) =
∫
X
β∗[X ′]T _ L^(n+k) =
∫
X
[X]T _ L^(n+k) ∈ Skt∨.
By the equivariant Grothendieck–Riemann–Roch theorem, we have β∗τTX′(OX′) =
τTX(β!OX′). Since β is finite away from a codimension two subscheme of X, the
supports of the higher direct images of OX′ is contained in the codimension two
subscheme. So we have
(τTX(β!OX′))〈n−1〉 = (τTX(β∗OX′))〈n−1〉 = (τTX(β∗OX′/OX) + τTX(OX))〈n−1〉.
Since β is isomorphism away from a codimension one subscheme of X, we have
(τTX(β∗OX′/OX))〈n−1〉 =
∑
i
mi[Di]
T ,
where mi ≥ 0 are the multiplicitis of β∗OX′/OX along T -invarianrt prime divisors
Di contained in the codimension one subscheme. It follows that we have
β∗κTX′ = κ
T
X − 2
∑
i
mi[Di]
T .
By the equivariant projection formula, we have∫
X′
κTX′ _ (β
∗L)^(n+k−1) =
∫
X
β∗κTX′ _ L
^(n+k−1)
=
∫
X
κTX _ L
^(n+k−1) − 2
∑
i
mi
∫
X
[Di]
T _ L^(n+k−1) ∈ Skt∨.
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So we have
Evξ(κX′ .e
β∗L) = Evξ(κX .e
L)− 2
∑
i
miEvξ(e
L|Di ).
Take a resolution of singularities δi : D˜i → Di. Since δ∗i L|Di is semi-smple and big,
we can pick an equivariant 2-form ω + µ so that ωn−1 ≥ 0 with ωn−1(p) > 0 at
some point p ∈ Di. Applying the first claim, we obtain
Evξ
∫
Di
[Di]
T _ eL =
1
(n− 1)!
∫
D˜i
eµ−2ξωn−1 > 0
as the function eµ−2ξ is positive. 
3.1.2. The relative equivariant intersection (α.eL)B is of class ε∞. Now we study
the relative case. Let G be an algebraic group, T be an algebraic torus. Let X be a
pure dimensional T ×G-scheme, B be a smooth G-variety with the trivial T -action,
pi : X → B be a T ×G-equivariant proper morphism. Let L be a T ×G-equivariant
second cohomology class on X .
Theorem 3.4. If α ∈ Halg,T×G2 dimX (X ,R) or α ∈ Halg,T×G2 dimX−2(X ,R), then (α.eL)B ∈
Hˆ lf,T×G(B,R) is of class ε∞ on t.
Proof. We put n := dimX − dimB. As in the proof of Proposition 3.2, we may
assume that X is smooth. Let K be a maximal compact subgroup of G. Pick an
equivariant 2-from Ω + µ = Ω + (µT + µK) in L. We firstly compute (L^j)〈i,k〉B .
Compairing the degree, we have (L^j)〈i,k〉B = 0 when j−n 6= i+k. For j = n+i+k,
we compute
(L^n+i+k)〈i,k〉B = (PDT×K [pi∗(Ω + µ)n+i+k])〈i,k〉
=
n+i+k∑
p=n
(
n+ i+ k
p
)
(PDT×K [pi∗(µn+i+k−pΩp)])〈i,k〉
=
n+k∑
p=n
(
n+ i+ k
n+ i+ k − p
)
PDT×K
[(
n+ i+ k − p
i
)
pi∗((µT )i(µK)n+k−pΩp)
]
= PDT×K
[(
n+ i+ k
n+ k
)
pi∗((µT )i
n+k∑
p=n
(
n+ k
p
)
(µK)n+k−pΩp)
]
=
(
n+ i+ k
n+ k
)
PDT×K [pi∗((µT )i(Ω + µK)n+k)],
so that we obtain
Evξ(e
L)〈i,k〉B =
1
(n+ i+ k)!
Evξ(L^n+i+k)〈i,k〉B =
1
(n+ k)!
PDK [pi∗(
1
i!
(µT−2ξ)
i(Ω+µK)n+k)].
We pick a collection of semi-norms {‖ · ‖l}l∈Z≥0 on Ω2(n+k)K (X ) so that it defines
the Fre´chet structure of Ω
2(n+k)
K (X ). For instance, we may put ‖ϕ‖l := ‖ϕ|Dl‖Cl
using an exhaustion {Dl ⊂ X}l∈Z≥0 by compact sets. Now we easily see the infinite
series of K-equivariant forms
∞∑
i=0
1
i!
(µT−2ξ)
i(Ω + µK)n+k
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is locally unifromly absolutely-convergent on t with respect to the semi-norm ‖ · ‖l
for each l ∈ Z≥0, to the limit K-equivariant form
eµ
T
−2ξ(Ω + µK)n+k.
Since pi∗( 1i! (µ
T
−2ξ)
i(Ω+µK)n+k) are K-equivariantly closed forms, the infinite series
of 2k-th K-equivariant cohomology classes on B
∞∑
i=0
Evξ(e
L)〈i,k〉B =
1
(n+ k)!
∞∑
i=0
PDK [pi∗(
1
i!
(µT−2ξ)
i(Ω + µK)n+k)]
is locally uniformly absolutely-convergent on t by Corollary 2.7 and Lemma 2.8.
The limit is given by
1
(n+ k)!
PDK [pi∗(eµ
T
−2ξ(Ω + µK)n+k)].
Similarly, for α ∈ H lf,T×G2 dimX−2(X ,R), we pick an equivariant 2-form A + ν =
A+(νT +νK) in the second equivariant cohomology class PDT×K(α). We compute
(α.eL)〈i,k〉B =
1
(n+ i+ k − 1)! (PDT×K
[
pi∗
(
(A+ ν)(Ω + µ)n+i+k−1
)]
)〈i,k〉
=

1
(n+k)!PDK [pi∗
(
(n+ k)(A+ νK)(Ω + µK)n+k−1
)
] i = 0
1
(n+k)!PDK [pi∗
(
νT 1(i−1)! (µ
T )i−1(Ω + µK)n+k
+(n+ k) 1i! (µ
T )i(A+ νK)(Ω + µK)n+k−1
)
] i ≥ 1.
By the same argument as above, we obtain that the infinite series
∞∑
i=0
Evξ(α.e
LT×G)i,kB =
PDK
(n+ k)!
∞∑
i=0
[pi∗(νT−2ξ
1
i!
(µT−2ξ)
i(Ω + µK)n+k
+ (n+ k)
1
i!
(µT−2ξ)
i(A+ νK)(Ω + µK)n+k−1)]
is locally uniformly absolutely-convergent on t to
1
(n+ k)!
PDK [pi∗(νT−2ξe
µT−2ξ(Ω + µK)n+k + (n+ k)eµ
T
−2ξ(A+ νK)(Ω + µK)n+k−1)].
Thus we obtain
Dkξ (eL) =
(−2)k
(n+ k)!
PDK [pi∗(eµ
T
−2ξ(Ω + µK)n+k)](30)
Dkξ (α.eL) =
(−2)k
(n+ k)!
PDK [pi∗(νT−2ξe
µT−2ξ(Ω + µK)n+k)(31)
+ (n+ k)eµ
T
−2ξ(A+ νK)(Ω + µK)n+k−1]

Lemma 3.5. Suppose pi : X → B is moreover flat and L is in the equivariant
Neron–Severi group NST×G(X ,R). Let Lb ∈ H2T (Xb,R) be the restriction to the
fibre of a point b ∈ B. Then we have
D0ξ(eL)B = Evξ(eLb) ∈ R,(32)
D0ξ(κX/B .eL)B = Evξ(κXb .eLb) ∈ R.(33)
In particular, D0ξ(eL)B is positive when L is relatively semi-ample and big.
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Proof. The claim onD0ξ(κX/B .eL)B is nothing but Corollary 2.11. The caseD0ξ(eL)B
follows similarly from the equivariant Grothendieck–Riemann–Roch theorem. 
3.2. µ-character, µ-Futaki invariant and µK-stability. Now, our main theo-
rems are just the application of the equivariant calculus we developed in the previous
sections.
3.2.1. µ-character and its derivative. We introduce a relative version of the µ-
entropy (8), imitating its equivariant intersection formula.
Definition 3.6 (µ-character). When L ∈ NSG(X ,R) is relatively semi-ample and
big, (eL)〈0〉B = (L·nb ) ∈ R is positive. In this case, we can define the following
equivariant cohomology class in HˆevenG (B,R):
(34) µλG(X/B,L) := 2pi(κGX/B .eL)B · (eL)−1B + λ(L.eL)B · (eL)−1B − λ log(eL)B .
We call this the µ-character of the G-equivariant family (X/B,L).
By Theorem 3.4 and the basic properties of the differential operation, we obtain
the following.
Theorem 3.7. The element µλT×G(X/B,L) is of class ε∞ around the origin. The
derivative DξµλT×G(X/B,L) extends to the following analytic prolongation on t:
2pi
Dξ(κT×GX/B .eLT×G)B · Evξ(eLb)− Evξ(κTXb .eLb) · Dξ(eLT×G)B
(Evξ(eLb))2
+ λ
[Dξ(LT×G.eLT×G)B · Evξ(eLb)− Evξ(Lb.eLb) · Dξ(eLT×G)B
(Evξ(eLb))2
− Dξ(e
LT×G)B
Evξ(eLb)
]
for ξ close to 0.
We define the second cohomology class DξµλT×G(X/B,L) for ξ ∈ t away from
the origin by the above analytic prolongation.
Remark 3.8. In the construction of the characteristic classDξµλT×G(X/B,L), we as-
sume the smoothness of the base B in order to ensure the Poincare´ duality between
the equivariant cohomology H2G(B,R) and the equivariant locally finite homology
H lf,G2 dimB−2(B,R). So there is a room for extending our result to some singular
bases, or perhaps to general singular bases by using other cohomology theory, if
we can establish equivariant calculus for such cohomology theory as we did it for
singular/deRham equivariant cohomology.
As another viewpoint, our construction works even for families of almost complex
manifolds. (In this case, L is just a T × G-equivariant cohomology class. ) As a
consequence, we can define DξµλT×G(X/B,L) for a Kuranishi family of T -polarized
manifold with a singular base B by pulling back the equivariant cohomology class
DξµλT×G(X˜/B˜, L˜) ∈ H2(B˜,R) associated to the Kuranishi slice B˜ → J which we
take when constructing the Kuranishi family. The author suspects this idea allows
us to construct DξµλT×G(X/B,L) for a global base B by gluing these characteristic
classes in some canonical way.
It is preferable for gluing that we realize the characteristic classDξµλT×G(X/B,L)
as a geometric object whose category forms a stack (namely, has a natural criterion
for the descent of objects), as an analogy of the CM line bundle. Such a geomet-
ric realization is also important when descending it to a cohomology class on the
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moduli space. Indeed, since in general we a priori know the moduli space does not
admit a universal family, our Thoerem B constructs nothing on the moduli space,
at present. Since the cohomology class DξµλT×G(X/B,L) continuously deforms in
H2G(B,R) as ξ varies, it does not make sense to realize it as a complex line bundle
on B, imitating the CM line bundle. On the other hand, real line bundle on B en-
dowed with pluri-harmonic transition functions may serve as such geometric object,
but the actual construction is out of the author’s consideration at the moment.
3.2.2. Test configuration. By a G-equivariant Q-line bundle on a scheme X, we
mean a G-equivariant Neron–Severi class L ∈ NSG(X,Q) ⊂ H2G(X,Q). We call a
G-equivariant Q-line bundle L ample (resp. semi-ample, big) if some multiple of
the corresponding Neron–Severi class L ∈ NS(X,Q) is the first Chern class of some
ample (resp. semi-ample, big) line bundle. Here the bigness means that the volume
(L|Z)· dimZ is strictly positive on each irreducible component Z of X. We call a pair
(X,L) of pure dimensional projective G-scheme (resp. variety, normal variety) X
and a semi-ample and big G-equivariant Q-line bundle L a semi-polarized G-scheme
(resp. variety, normal variety). When L is ample, we call it polarized G-scheme.
A (T -equivariant) test configuration (X ,L) of a semi-polarized T -scheme (X,L)
consists of the following data:
• A T × C∗-scheme X with a T × C∗-equivariant projective flat morphism
pi : X → C, where we define the T×C∗-action on the base C by z.(t, u) = zu
for z ∈ C and (t, u) ∈ T × C∗.
• A T × C∗-equivariant Q-line bundle L ∈ NST×C∗(X ,Q) on X which is
(relatively) semi-ample and relatively big.
• A T × C∗-equivariant isomorphism ϕ : X × (C \ {0}) ∼−→ X \ X0 over the
base with ϕ∗L = p∗XL ∈ NST×C∗(X × (C \ {0}),Q), which we often reduce
from our notation.
We call a test configuration (X ,L) ample if L is (relatively) ample. In this case,
the compactification (X¯ , L¯) possesses relatively ample L¯.
As in section 2.1.2, we can construct a test configuration XΛ from a one param-
eter subgroup Λ : C∗ → AutT (X).
When X is normal (hence X is normal) and is isomorphic in codimension one to
some product configurartion XΛ, then the isomorphism automatically extends to
the whole space.
3.2.3. µ-Futaki invariant. To compareDξµλT×C∗(X/C,L) of T -equivariant test con-
figuration with the µ-Futaki invariant Futλξ (L,L), we show the following.
Proposition 3.9. For any test configuration (X/C,L), we have
Dξ(eLT×C∗ )C = 2Evξ(eL¯T ).η∨,
Dξ(LT×C∗ .eLT×C∗ )C = 2Evξ(L¯T .eL¯T ).η∨,
Dξ(κT×C
∗
X/C .e
LT×C∗ )C = 2Evξ(κTX¯/CP 1 .e
L¯T ).η∨,
where we identify HˆC∗(C,R) with RJη∨K.
Proof. Since j∗∞L¯T×C∗ = LT ∈ NST×C∗(X,R), we have
i∗∞pi∗L¯^(n+i+1)T×C∗ = (pi∞)∗j∗∞L¯^(n+i+1)T×C∗ = (L^(n+i+1)T ) ∈ H2i+2T×C∗(pt,R)
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and
i∗∞pi?(κ
T×C∗
X/C _ L¯^(n+i)T×C∗ ) = (κTX .L^(n+i)T ) ∈ H2i+2T×C∗(pt,R)
by Corollary 2.11. In particular, we have (i∗∞pi∗L¯^(n+i+1)T×C∗ )〈i,1〉 = 0 and (i∗∞pi?(κT×C
∗
X/C _
L¯^(n+i)T×C∗ ))〈i,1〉 = 0. So we compute
(pi∗L^(n+i+1)T×C∗ )〈i,1〉 = (i∗0pi∗L^(n+i+1)T×C∗ )〈i,1〉 = −(i∗∞pi∗L¯^(n+i+1)T×C∗ − i∗0pi∗L¯^(n+i+1)T×C∗ )〈i,1〉
= −((L¯^(n+i+1)T×C∗ ).η∨)〈i,1〉 = −(L¯^(n+i+1)T )〈i,0〉.η∨
and
(pi?(κ
T×C∗
X/C _ L^(n+i)T×C∗ ))〈i,1〉 = (i∗0pi?(κT×C
∗
X/C _ L^(n+i)T×C∗ ))〈i,1〉
= −(i∗∞pi?(κT×C
∗
X/C _ L¯^(n+i)T×C∗ )− i∗0pi?(κT×C
∗
X/C _ L¯^(n+i)T×C∗ ))〈i,1〉
= −((κT×C∗X/C .L¯^(n+i)T×C∗ ).η∨)〈i,1〉 = −(κTX/C.L¯^(n+i)T )〈i,0〉.η∨
by the localization formula. Thus we obtain
Dξ(L^(n+i+1)T×C∗ )C = 2Evξ(L¯^(n+i+1)T )
and
Dξ(κT×C
∗
X/C .L^(n+i+1)T×C∗ )C = 2Evξ(κTX/C.L¯^(n+i)T ),
which proves the claim as all the cohomology classes we treat here are of class
ε∞. 
As corollaries, we get the following.
Corollary 3.10.
Dξµλ(X/C,L) = Futλξ (X ,L).η∨
As both Dξµλ(XΛ/C,LΛ) and Futλξ (ηX) are real analytic with respect to ξ, we
get the following from the constrcution of Dξµλ. (See also seciton 2.1 and 2.3. )
Corollary 3.11. For the product configuration (XΛ,LΛ) associated to a one pa-
rameter subgroup Λ : C∗ → Aut(X,L), we have
Futλξ (XΛ,LΛ) = Futλξ (ηX).
Now we prove the rest claim of Theorem B.
Proof of Theorem B. The property (1) is a consequence of Corollary 2.11 and our
construction of DξµλT×G(X/B,L). From the expression (30) and (31), the maps
D·(eL),D·(α.eL) : t → H2G(B,R) extend to holomorphic maps between the com-
plexification t⊗C and H2G(B,C). Hence the map D·µλT×G(X/B,L) : t→ H2G(B,R)
is real analytic.
Recall the definition of the CM line bundle CM(X/B,L): we put
CM(X/B,L) := λ⊗
n
n+1
(−KX.L·(n−1))
(L·n)
n+1 ⊗ (λ⊗nn+1 ⊗ λ⊗(−2)n )
where λi are line bundles on B in the Knudsen–Mumford expansion
det(pi∗(L⊗k)) ∼= λ(
k
n+1)
n+1 ⊗ λ(
k
n)
n ⊗ · · · ⊗ λ0
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for k  0. So we have
cG1 (det(pi∗(L
⊗k))) =
(
k
n+ 1
)
cG1 (λn+1) +
(
k
n
)
cG1 (λn) + · · ·+ cG1 (λ0)
=
kn+1
(n+ 1)!
cG1 (λn+1)−
1
2
kn
n!
(ncG1 (λn+1)− 2cG1 (λn)) + · · · .
On the other hand, the equivariant Grothendieck–Riemann–Roch shows
cG1 (det(pi∗(L
⊗k))) = kn+1
( 1
−2D0(e
L)B
)− 1
2
kn
( 1
−2D0(κX/B .e
L)B
)
+ · · ·
=
kn+1
(n+ 1)!
( 1
−2D0(L
·(n+1))B
)− 1
2
kn
n!
( 1
−2D0(κX/B .L
·n)B
)
+ · · · .
Thus we get
cG1 (CM(X/B,L)) =
n
n+ 1
(−KX .L·(n−1))
(L·n)
(n+ 1)!
( 1
−2D0(e
L)B
)
+ n!
( 1
−2D0(κX/B .e
L)B
)
= −1
2
(L·n)
D0(κX/B .eL)B · Ev0(eLb)− Ev0(κTXb .eLb) · D0(eL)B
(Ev0(eLb))2
= − (L
·n)
4pi
D0µ0G(X/B,L)
by Ev0(e
Lb) = 1n! (L
·n) and Ev0(κTXb .e
Lb) = 1(n−1)! (KX .L
·(n−1)). The independece
of λ follows fromD0(LG.eLG)B = 1n!D0(L^(n+1)G )B , D0(eLG)B = 1(n+1)!D0(L^(n+1)G )B
and Ev0(Lb.eLb) = 1(n−1)! (L·n):
D0µλ −D0µ0 = λ
[D0(LT×G.eLT×G)B · Ev0(eLb)− Ev0(Lb.eLb) · D0(eLT×G)B
(Ev0(eLb))2
− D0(e
LT×G)B
Ev0(eLb)
]
=
λ
(L·n)
(
D0(L^(n+1)G )B −
n
n+ 1
D0(L^(n+1)G )−
1
n+ 1
D0(L^(n+1)G )
)
= 0.

3.2.4. Relation with established Futaki invariants. Here we check that our definition
of µ-Futaki invariant is compatible with the following established notions.
Definition 3.12. Let (X,L) be a (semi-)polarized scheme and (X ,L) be a test
configuration of (X,L). The following Futaki invariants are studied in the litera-
tures.
(1) Donaldson–Futaki invariant for the usual K-stability (cf. ): We put
(35) DF(X ,L) := (KX¯/CP 1 .L¯·n)−
n
n+ 1
(KX .L
·(n−1))
(L·n)
(L¯·(n+1)).
(2) Modified Futaki invariant for the modified K-stability of Q-Fano variety (cf.
[Xio, BW]): Let (X,L) = (X,−KX) be a Q-Fano variety with a torus T
action and (X ,L) be a T -equivariant test configuration with Q-Gorenstein
X and L = −KX/C. For ξ ∈ t, we put
(36) Futξ(X ,L) := −
∫
t∨×R
(−2t)e〈x,−2ξ〉DH(X ,L)(x, t),
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where the Duistermaat–Heckman measure DH(X ,L) on t∨ × R is given by
DH(X ,L) := lim
k→∞
n!k−n
∑
(m,l)∈M×Z
dimH0(X0,L|X0)(m,l)δk−1(m,l).
When the central fibre X0 is a Q-Fano variety, we may express it as
Futξ(X ,L) = −
∫
X0
θηe
θξωn =
∫
X0
ηJ(h− θξ)eθξωn,
which is the expression in [Xio, BW]. Here the ∂¯-Hamiltonian potential θ is
normalized as [β∗ω− 12β∗θ] = −β∗KT×U(1)X0 ∈ H2T×U(1)(X˜0,R) for some/any
resolution β : X˜0 → X0. This normalization is equivalent to the equation
¯θη − ηJh = θη for the Ricci potential h:
√−1∂∂¯h = Ricω − ω.
(3) Weighted Futaki invariant of smooth test configuration (cf. [Lah]) for
weighted K-stability: Let v and w be smooth positive functions on the
moment polytope P := µω(X) ⊂ t∨. For a T -equivariant smooth test con-
figuration (X ,L) with ample L¯, we pick a Ka¨hler form Ω in L¯ and the
moment map µΩ with [Ω + µΩ] = L¯T and put
Fv,w(X ,L) = − 2
n+ 1
∫
X¯
(
sv(Ω)−
∫
X
sv(ω)ω
n∫
X
(w ◦ µω)ωn (w ◦ µ
Ω)
)
Ωn+1(37)
+ 8pi
∫
X
(v ◦ µω)ωn.
We consider the following variant of weighted Futaki invariant for T -equivariant
smooth test configuration with ample L¯:
Fλe〈x,−2ξ〉(X ,L) := Fe〈x,−2ξ〉,e〈x,−2ξ〉(X ,L) +
2λ
n+ 1
∫
X¯
(
µΩ−2ξ −
∫
X
µω−2ξe
µω−2ξωn∫
X
eµ
ω
−2ξωn
)
eµ
Ω
−2ξΩn+1
(38)
= − 2
n+ 1
∫
X¯
(
sλξ (Ω)− s¯λξ (ω)
)
eθ
Ω
ξ Ωn+1 + 8pi
∫
X
eθ
ω
ξ ωn.
Though it seems not explicitly claimed in [Lah] for this variant case, we easily see
that the above invariant is the slope of µλξ -Mabuchi functional along a smooth sub-
geodesic of a test configuration, using computations in [Lah]. As a µλξ -cscK metric
is a (proportionally) extremal weighted cscK metric, we have the boundedness of
µλξ -Mabuchi functional if there exists a µ
λ
ξ -cscK metric by [Lah]. As a consequence,
a polarized manifold is µλξK-semistable with resepct to smooth test configurations
with ample L if there exists a µλξ -cscK metric.
Now we compare them with our µ-Futaki inavriant.
Proposition 3.13. We can compare the µ-Futaki invariant with these established
Futaki invariants as follows.
(1) When (X,L) is a normal polarized variety, Futλ0 (X/C,L) = 4pi(L·n)−1DF(X ,L)
for every normal test configuration (X ,L) of (X,L).
(2) When X is a Q-Fano variety and L = −λ−1KX for λ > 0, we have
Fut2piλξ (X ,L) = 2piλn!(Evξ(eL¯))−1Futξ(X ,L) for every test configuration
(X ,L) of (X,L) with L = −λ−1KX/C.
(3) Let (X ,L) be a T -equivariant smooth test configuration with ample L¯. We
pick a Ka¨hler form Ω in L¯. Then we have Futλξ (X ,L) = (
∫
X
eθ
ω
ξ ωn)−1Fλ
e〈x,−2ξ〉(X ,L).
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Proof.
(1) We compute Futλ0 (X/C,L) as
4pi
Ev0
(
(κX¯/CP 1 .eL¯) · (eL)− (κX .eL) · (eL¯)
)
(Ev0(eL))2
+ 2λ
Ev0
(
(L¯.eL¯) · (eL)− (L.eL) · (eL¯)
)
(Ev0(eL))2
− Ev0(e
L¯)
Ev0(eL)

= 4pi
(
n!
(L·n)
)2(
1
n!
(KX¯/CP 1 .L¯·n) ·
1
n!
(L·n)− 1
(n− 1)! (KX .L
·(n−1)) · 1
(n+ 1)!
(L¯·(n+1))
)
+ 2λ
(
n!
(L·n)
)2(
(L¯·(n+1))
n!
· (L
·n)
n!
− (L
·n)
(n− 1)! ·
(L¯·(n+1))
(n+ 1)!
− (L
·n)
n!
(L¯·(n+1))
(n+ 1)!
)
=
4pi
(L·n)
(
(KX¯/CP 1 .L¯·n)−
n
n+ 1
(KX .L
·(n−1))
(L·n)
(L¯·(n+1))
)
.
(2) We compute Fut2piλξ (X/C,L) as
4pi
Evξ
(
(κX¯/CP 1 .eL¯) · (eL)− (κX .eL) · (eL¯)
)
(Evξ(eL))2
+ 4piλ
Evξ
(
(L¯.eL¯) · (eL)− (L.eL) · (eL¯)
)
(Evξ(eL))2
− Evξ(e
L¯)
Evξ(eL)

= −4piλEvξ(e
L¯)
Evξ(eL)
= 4piλ
∫
t∨×R
te〈x,−2ξ〉DH(X ,L)(x, t)
/∫
t∨
e〈x,−2ξ〉DH(X,L)(x).
(3) Since
Evξ
(
2pi(κTX .e
LT ) + λ(LT .e
LT )
)
Evξ(eLT )
= −s¯λξ (ω) + λn,
we can express Futλξ (X ,L) as
2Evξ
(
2pi(κTX¯ .e
L¯T ) + λ(L¯.eL¯))+ 2(s¯λξ (ω)− λ(n+ 1))Evξ(eL¯T )− 4piEvξ(pi∗KTCP 1 .eL¯T )
Evξ(eLT )
.
Then the claim is a consequence of the following calculations:
Evξ
(
2pi(κTX¯ .e
L¯T ) + λ(L¯.eL¯)
)
= − 1
(n+ 1)!
∫
X¯
sλξ (Ω)e
θΩξ Ωn+1 + λ(n+ 1)Evξ(e
L¯T ),
Evξ(e
L¯) =
1
(n+ 1)!
∫
X¯
eθ
Ω
ξ Ωn+1,
4piEvξ(pi
∗KCP 1 .eL¯T ) = 4pi
∫
CP 1
KCP 1 · D0ξ(eL¯T )CP 1
= −8piEvξ(eLT ) = −8pi
n!
∫
X
eθ
ω
ξ ωn.

3.2.5. µK-stability. Now we define the µK-stability of a T -polarized scheme in the
usual way.
Definition 3.14 (µK-stability). We call a T -(semi-)polarized scheme (X,L)
• µλξK-semistable if Futλξ (X ,L) ≥ 0 for every test configuration (X ,L) of
(X,L).
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• µλξK-polystable if it is µλξK-semistable and we have Futλξ (X ,L) = 0 for
big test configurations (X ,L) only when (X ,L) is C∗ × T -equivariantly
isomorphic in codimension one to some product configuration over the base
C. Namely, there is a one parameter subgroup Λ : C∗ → AutT (X) such that
the C∗-equivariant isomorphism X \ X0 → XΛ \ XΛ0 away from the central
fibre extends to an isomorphism X \ Z → XΛ \ ZΛ away from T -invariant
subschemes Z ⊂ X and ZΛ ⊂ XΛ of codimension ≥ 2, respectively.
• µλξK-stable if it is µλξK-polystable and Aut0(X/Alb) = T .
Remark 3.15. The µ-Futaki invariant Futλξ (X ,L) is invariant under the addition of
a T × C∗-equivariant cohomology class c ∈ H2T×C∗(C,R) of the base: Futλξ (X ,L+
pi∗c) = Futλξ (X ,L).
Now it is the turn to apply the results in section 3.1.1.
Theorem 3.16.
(1) A T -polarized normal variety (X,L) is µλξK-semistable (resp. µ
λ
ξK-polystable,
µλξK-stable) with respect to general test configurations iff it is µ
λ
ξK-semistable
(resp. µλξK-polystable, µ
λ
ξK-stable) with respect to normal test configura-
tions.
(2) A T -polarized manifold (X,L) is µλξK-semistable with respect to general
test configurations iff it is µλξK-semistable with respect to smooth test con-
figurations with reduced centrals fibre and ample L.
Proof. Pick a semi-ample test configuration (X ,L) of (X,L). As L is ample and L
is relatively semi-ample, we have a unique ample test configuration (X amp,Lamp)
of the same (X,L) associated to (X ,L) as in [BHJ1, Definition 2.16]. The asso-
ciated morphism µ : X → X amp is an isomorphism away from a codimension one
subscheme of the central fibre, which is a codimension two subscheme of the total
space. It follows that Futλξ (X amp,Lamp) = Futλξ (X ,L) by Proposition 3.3. Thus we
may assume L is relatively ample. By the above remark, we may further assume
that L is ample. We apply Proposition 3.3 (2) to the normalization ν : X˜ → X and
obtain the first claim.
Now, we may assume (X ,L) is a normal ample test configuration to prove the
second claim. Since X is normal, there is a T×C∗-equivariant resolution β : X˜ → X
of singularities which is isomorphism away from a codimension two subscheme in
X . Then we have Futλξ (X˜ , β∗L) = Futλξ (X ,L) by Proposition 3.3.
By the reduced fibre theorem, there is a positive integer d such that the nor-
malized base-change fˆν : X˜ νd → X˜ along the morphism f(z) = zd : C→ C has the
reduced central fibre. Let fˆ : X˜d → X˜ be the base change morphism along f . Since
DξµλT×C∗(Xd/C, fˆ∗β∗L) = f∗DξµλT×C∗(X/C, β∗L) and f∗η∨ = d.η∨, we get
Futλξ (Xd, fˆ∗β∗L) = DξµλT×C∗(Xd/C, fˆ∗β∗L)/η∨
= d.f∗(DξµλT×C∗(X/C, β∗L)/η∨) = d.Futλξ (X , β∗L) ∈ H0C∗(C,R).
Thus we get Futλξ (X˜ νd , fˆ∗νβ∗L) ≤ d.Futλξ (X˜ , β∗L) by Proposition 3.3 (2).
Put L˜ := fˆ∗νβ∗L − 
∑
E∈Exc(β)[E]
T×C∗ for  > 0. Then (X˜d, L˜) is a smooth
test configuration with reduced central fibre and ample L˜. We have Futλξ (X˜ , L˜)→
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Futλξ (X ,L) as → 0 from the proof of Proposition 3.3. Now suppose (X,L) is µK-
semistable with respect to smooth test configurations with reduced central fibre
and ample L. Then since Futλξ (X˜ , L˜) ≥ 0, we get Futλξ (X ,L) ≥ 0. Thus (X,L)
is µK-semistable with respect to general test configurations. The converse claim is
obvious. 
The above theorem reduces Theorem A to Lahdili’s result [Lah, Theorem 2].
Thus we obtain the following.
Corollary 3.17. If a smooth Ka¨hler manifold (X,L) admits a µλξ -cscK metric,
then (X,L) is µλξK-semistable.
Remark 3.18. By [Lah, Proposition 4], we can express µλξ -Futaki invariant of toric
test configurations of a toric polarized manifold as an integration on polytope,
similarly to the usual Futaki invariant. For the toric test configuration (Xf ,Lf )
associated to a convex piecewise linear function f on the polytope P , we have
c.Futλξ (Xf ,Lf ) =
∫
∂P
fe〈x,−2ξ〉dσ −
∫
P
(λ〈x,−2ξ〉+ s¯λξ )fe〈x,−2ξ〉dµ
for some uniform positive constant c. We may also have such expression even for
singular (X,L) as µλξ -Futaki invariant is expressed via an equivariant intersection
formula.
3.3. Moduli problem on Q-Fano varieties with Ka¨hler–Ricci solitons. The-
orem B enables us to approach the problem on compactification of the moduli space
of Fano manifolds with Ka¨hler–Ricci solitons. When the author wrote [Ino1], The-
orem B was missing, so that the author was unable to apply established methods in
[Oda1, Oda2, LWX] on the moduli space of Ka¨hler–Einstein Fano varieties. This is
why the author developed another method to construct the moduli space of Fano
manifolds with Ka¨hler–Ricci solitons, making use of moment map picture on µ-
scalar curvature. Now we have filled the missing piece and so are able to apply
the methods in [Oda1, Oda2, LWX]. We outline how we can reduce the moduli
problem to a fundamental task on µK-stability; Conjecture C. More details are off
the point of this article and involve more pages, so it will be covered by a separate
article.
We firstly prepare some terminologies. For a Q-Fano T -variety X, we call a
vector ξ ∈ t K-optimal if we have Fut2piξ |t ≡ 0. Such a vector ξ always exists
and is unique for each T -action by [TZ, Lemma 2.2]. A torus action on a Q-Fano
variety X is called K-optimal if the torus is generated by the K-optimal vector ξ
of some maximal torus action in X. All K-optimal actions on X are conjugate
to each other since the K-optimal vector associated to a maximal torus is unique
and all maximal tori are conjugate to each other. We call a Q-Fano T -variety X
µK-semistable (resp. µK-polystable, µK-stable) if T is K-optimal and the polarized
variety (X,−KX) is µ2piξ K-semistable (resp. µ2piξ K-polystable, µ2piξ K-stable) with
respect to the K-optimal vector ξ.
Conjecture C. Let X be a Q-Fano variety admitting Ka¨hler–Ricci soliton with
a K-optimal torus action T . Then it is µK-polystable with respect to general T -
equivariant test configurations.
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It is already known by [BW] that a Q-Fano variety with Ka¨hler–Ricci soliton
is µK-polystable with respect to special degenerations. There are two possible
approaches to this conjecture from different perspectives:
• Algebraic approach: As Li–Xu [LX] for the usual K-stability, we show
that the µK-polystability of a Q-Fano variety with respect to general test
configurations and with respect to special degenerations are equivalent.
• Analytic approach: As Berman–Darvas–Lu [BDL] for the usual K-stability
with smooth X, studying µλξ -Mabuchi functional, we show that any test
configuration with vanishing µλξ -Futaki invariant is equivalent to a product
configuration under the existence of µλξ -cscK metric.
For our interest in this section, it suffices to deal with smoothable Q-Fano variety.
We already know that a Fano manifold with Ka¨hler–Ricci soliton is µK-semistable
with respect to general test configurations. So in the smooth case, it is a matter of
dealing with test configurations with vanishing µ-Futaki invariant.
The converse claim ‘from polystability to the existence of canonical metric’ is
in general regarded as a difficult direction of the Yau–Tian–Donaldson conjecture.
However, this direction is already proved by Datar–Sze´kelyhidi [DaSz] and [Y. Li]
that a µK-polystability of K-smoothable Q-Fano variety admits a Ka¨hler–Ricci
soliton.
In what follows, we assume that Conjecture C holds.
A K-family over B of Q-Fano varieties is a T -equivariant proper flat family
pi : X → B of Q-Fano varieties with K-optimal T -action which enjoys Kolla´r condi-
tion. Here Kolla´r condition means that some reflexive power ω
[m]
X/B of the relative
canonical sheaf is T -equivariantly isomorphic to a T -equivariant line bundle and
every reflexive power ω
[m]
X/B commutes with arbitrary base change (cf. [Kov], [BX]).
A non-equivariant family may not be a K-optimal torus equivariant family, how-
ever, we can stratify the base so that the family restricted on each stratum admits
a K-optimal torus action (cf. [Ino1]). We call a K-family pi : X → B µK-semistable
family if every fibre is a µK-semistable Q-Fano T -variety.
A K-smoothable Q-Fano variety X is a Q-Fano variety which admits a K-family
pi : X → ∆ of Q-Fano varieties with an isomorphism X0 ∼= X whose fibres away
from the origin 0 ∈ ∆ are smooth Fano manifolds.
Define the moduli stackMn by putting its fibre over B as
(39) Mn(B) :=
{
µK-semistable families over B of
K-smoothable Q-Fano varieties of dimension n
}
.
Let us recall a terminology in [Ino1]. We call a Fano manifoldX gentle if it admits
a special degeneration to a smooth Fano manifold with Ka¨hler–Ricci solitons which
is equivariant with respect to a K-optimal action of X.
Proposition 3.19. Let α ∈ c1(X) be a Ka¨hler form on X. If there exists a twisted
Ka¨hler–Ricci soliton ωt on X for every 0 ≤ t < 1, which satisfies Ricωt − LξJωt =
tωt + (1− t)α, then X is µK-semistable. In particular, every gentle Fano manifold
is µK-semistable. (cf. [Ino1, Section 2])
Sketch of proof. Gentle Fano manifold admits a twisted Ka¨hler–Ricci soliton for
every t < 1. Similarly to [Sze], we can see that the following twisted µMabuchi
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functional is bounded from below for each t < 1:
Mα,1−t,ξ(φ) =Mξ(φ) + (1− t)Jα,ξ(φ),
where we put
Mξ(φ) := −
∫ 1
0
dt
∫
X
φ˙tsˆ
2pi
ξ e
θξ(φt)ωnφt ,
Jα,ξ(φ) := n
∫ 1
0
dt
∫
X
φ˙t(trωφt (α− ωφt) + ξJϕt)eθξ(φt)ωnφt ,
where ϕt is a function satisfying
√−1∂∂¯ϕt = α−ωt. On the other hand, as in [DR,
Theorem 6.4] (cf. [Lah]), we can see that the following twisted µFutaki invariant is
the slope of the twisted µMabuchi functional along any smooth subgeodesic associ-
ated to a smooth test configuration (X ,L) dominating the trivial test configuration:
Fut1−t,ξ(X ,L) = Futξ(X ,L) + (1− t)Evξ(−KX − L.e
L)
Evξ(eL)
,
independent of α ∈ c1(X). It follows that Fut1−t,ξ(X ,L) is non-negative for every
t < 1. Since Fut1−t,ξ(X ,L) is continuous on t, Futξ(X ,L) = Fut0,ξ(X ,L) is also
non-negative. 
We also putMn,◦ the substack ofMn consisting of gentle Fano manifolds. It
is shown in [Ino1] thatMn,◦ is Artin in analytic category and admits the moduli
space. We can strengthen the result as follows under Conjecture C.
Claim. We assume Conjecture C. Then the moduli stackMn is Artin algebraic
and admits a unique proper algebraic good moduli spaceMn. Moreover, the moduli
space enjoys the following.
• The points of Mn are exactly smoothable µK-polystable Q-Fano varieties,
which are precisely smoothable Q-Fano varieties with Ka¨hler–Ricci solitons.
• The forgetting morphism Mn → Mn maps µK-semistable Q-Fano T -
varieties X and X ′ to the same point if and only if there are T -equivariant
test configurations of X and X ′ with an identical smoothable µK-polystable
Q-Fano T -variety.
• The substackMn,◦ is also Artin algebraic and admits an algebraic good
moduli space Mn,◦ as an open dense subspace of Mn.
If the moduli space exists, then the properness of the moduli space is a con-
sequence of the compactness result in [PSS] combined with the boundedness of
Fut(ξ) for K-optimal vectors ξ ([Ino1, Proposition 4.11]). It is recently proved by
[Y. Li] that a K-smoothable Q-Fano variety admits a Ka¨hler–Ricci soliton if it is
µK-polystable with respect to special degenerations.
We can show that K-smoothable µK-semistable Q-Fano varieties are bounded.
If we further aim to construct a finite type moduli space for Q-Fano varieties with
Ka¨hler–Ricci solitons and with non-smoothable klt singularities, we must impose
a bound on Hilbert polynomials since there is an unbounded collection of toric
orbifolds with Ka¨hler–Ricci solitons (cf. [PSS]), unlike Ka¨hler–Einstein case. In
view of [PSS], the author speculates that it suffices to bound the usual Futaki
invariants Fut(ξ) of the K-optimal vectors ξ and the volumes in order to bound the
Hilbert polynomials of µK-semistable Q-Fano varieties.
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Now we outline a proof of Claim. We firstly note the following counterpart of
[Oda1, Lemma 2.10] for general Ka¨hler class.
Lemma 3.20. Let B be a projective manifold with a Hamiltonian action by a
torus T . Let c = [α + µ] ∈ NST (B,R) be an equivariant cohomology class. For
x ∈ B and η ∈ t, we put f(x, η) := −µη(limt→∞ x.et
√−1η). Then there is a finite
collection {Bi} of disjoint constructible subsets of B and a continuous piecewise
linear function ϕi such that
ϕi(η) = f(x, η)
for every x ∈ Bi and η ∈ t. Each function ϕi is convex if moreover α is a Ka¨hler
metric.
Proof. Since the equivariant class c is of the form c =
∑l
k=1 akc
T
1 (Lk) for some
aj ∈ R and some equivariant (holomorphic) line bundles Lj , the claim on the
lattice N(T ) ⊂ t is a consequence of [Oda1, Lemma 2.10] (cf. [LWX, Lemma A.3]).
Indeed, since the limit limt→∞ x.et
√−1η is independent of the equivariant class c, we
have fc(x, η) =
∑
k akfcT1 (Lk)(x, η). For integral η associated to a one parameter
subgroup Λ : C∗ → T , we have f(x, η) = −Λ¯∗xc/η∨, where Λ¯x : C → B is the
extension of the morphism Λx : C∗ → B : τ 7→ x.τ . We omit the proof for general
η ∈ t. 
We call a collection F of Q-Fano varieties is of fixed character if −mKX is Cartier
for a fixed integer m, the K-optimal tori TX are isomorphic to a fixed T and the
Hilbert characters χ of −mKX with respect to T are fixed for all X in F. Here
the Hilbert character χ of a line bundle L is the function χ : Z 7→ R(T ) given by
χ(k) =
∑n
i=0(−1)iHi(X, kL), where Hi(X, kL) is regarded as T -representations.
For such collection F, we have a uniform k0 such that for each X ∈ F there is
a T -equivariant anti-canonical embedding of X into CPχ(k0)−1 	 T . We call a
collection F of Q-Fano varieties has bounded characters if F is a finite union
⋃N
i=1 Fi
of collections Fi of fixed characters. Note that the K-optimal vector ξ ∈ t of X is
determined by its Hilbert character.
Let HilbT (χ(·)) denote the Hilbert scheme of T -invariant subschemes of P(χ(1))
with Hilbert polynomial χ(·), identifying the character χ(1) with T -representation.
Let UT (χ(·)) denote the universal family over HilbT (χ(·)) and L denote the re-
striction of p∗2O(1) on HilbT (χ(·)) × P(χ(1)) to the closed subscheme UT (χ(·)) ⊂
HilbT (χ(·))×P(χ(1)). For a Q-Fano manifold X with the Hilbert character χ(`) =∑n
i=0(−1)iHi(X, `(−mKX)), we denote by [X] a point of HilbT (χ(k·)) representing
an anti-canonically embeddedX by |−kmKX |, which is unique modulo PGLT (χ(k)).
The following is essentially an application of deep analysis in [CW] and argu-
ments in [CSW].
Proposition 3.21. Let F be a collection of K-smoothable Q-Fano varieties of fixed
character. Then there is a uniform positive integer k1 such that if X ∈ F is µK-
unstable, there exists a one parameter subgroup Λ : C∗ → PGLT (χ(k1)) such that
the induced test configuration (Λ¯∗XUT (χ(k1·)), 1k1m Λ¯∗XL) has negative µλξK-Futaki
invariant with respect to λ = 2pi and the K-optimal vector ξ.
Proof. Firstly, we note that there is a uniform constant δ ∈ (0, 1) such that every
smooth Fano manifold X admits a Ka¨hler metric ωX ∈ 2pic1(X) with Ric(ωX) ≥
δωX . Indeed, thanks to the equivalence of Sze´kelyhidi’s R-invariant R(X) = β(X)
and the delta invariant δ(X) proved in [BBJ, Corollary 7.6], it suffices to bound the
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delta invariants of Fano manifolds from below. The bound holds by the finiteness
of delta invariants for smooth Fano manifolds [BLZ, Theorem 1.4]. Otherwise we
can show the bound via log K-stability as in [Oda1], translating log K-stability into
the existence of twisted KE by [CDS, I].
Since we have a uniform bound of the Sobolev constant for such ωX , we have
a uniform bound in the assumption of [CW, Theorem 6.8 (6.5)]. Thus we get the
partial C0-estimate for Ka¨hler–Ricci flow on t ≥ 1 with the initial metric ωX by
[CW, Theorem 1.3]. Then the argument in [CSW] shows that there is a uniform in-
teger k1 such that for each X ∈ F there is a vector ΛX ∈
√−1Lie(PUT (χ(k1))) and
gX ∈ PGLT (χ(k1)) such that the limit [X¯] = limt→∞[X].gX .etΛX in the Hilbert
scheme HilbT (χ(k1·)) is a Q-Fano variety with FutX¯,ξ ≡ 0 for the vector ξ on X¯ gen-
erated by Λ. Let ξX ∈ t be the K-optimal vector of X, which satisfies FutX,ξX ≡ 0.
Then since ΛX is T -equivariant, we have FutX¯,ξX |t ≡ 0. Since Tian–Zhu’s volume
functional log Vol(η) = log
∫
X¯
eθηωn is strictly convex and FutX¯,ξ(ξX − ξ) = 0,
FutX¯,tξX+(1−t)ξ(ξX − ξ) = −
d
dt
log Vol(tξX + (1− t)ξ),
is monotonically decreasing. Thus we get
FutX¯,ξX (−ξ) = FutX¯,ξX (ξX − ξ) < FutX¯,ξ(ξX − ξ) = 0.
Now let Tmax ⊂ PUT (χ(k1)) be a maximal torus with
√−1ΛX ∈ tmax. By
Theorem B and Lemma 3.20, there is a continuous piecewise linear function ϕ on
tmax such that Futlimt→∞[X].etη,ξX (−η) = ϕ(η) for every η ∈ tmax. Note when
η is in the lattice Hom(U(1), Tmax) ⊂ tmax, we have Futlimt→∞[X].etη,ξX (−η) =
FutξX ((Λη)
∗
XUT (χ(k1·)), 1k1m (Λη)
∗
XL) for the one parameter subgroup Λη associ-
ated to η. (The minus sign on η comes from the sign inversion of the fundamental
vector fields of an R-action and a C∗-action which are related by R→ C∗ : t→ e−t.
) Approximating the ray R+Λ ∈ tmax by integral rays, we can find a one parameter
subgroup Λ′ : C∗ → Tmax with FutξX (Λ¯′∗XUT (χ(k1·)), 1k1m Λ¯′
∗
XL) < 0.
Since we have a convergence of Ka¨hler–Ricci flows [CW, Theorem 6.9], we can
also discuss K-smoothable case with a uniform k1 by diagonal argument. 
Theorem B further implies the following key proposition, which works as a trans-
lator from analytic result to algebraic result.
Proposition 3.22. We assume Conjecture C. Let (X ,L) → B be T -equivariant
family of T -polarized schemes Then the subsets
Bss = {b ∈ B | (Xb,Lb) is a µK-semistable Q-Fano variety. }
Bps = {b ∈ B | (Xb,Lb) is a µK-polystable Q-Fano variety. }
Bs = {b ∈ B | (Xb,Lb) is a µK-stable Q-Fano variety. }
are constructible sets of B.
Proof. We can realize the family (X ,L)→ B as a pull-back of the universal family
over a Hilbert scheme Hilb (with a fixed Hilbert polynomial) by embedding X → B
relatively to CPN using sections of a sufficient multiple of L. Moreover, since we
assume Conjecture C, taking a sufficiently divisible multiple of L, we may suppose
the following property: if a fibre (Xb,Lb) is a µK-unstableQ-Fano variety, then there
is a one parameter subgroup Λ : C∗ → G = Aut(CPN ) such that Futλξ (Λ¯∗bX , Λ¯∗bL) <
EQUIVARIANT CALCULUS ON µ-CHARACTER AND µK-STABILITY 37
0. Since the inverse image of constructible sets are constructible, we may assume
that B is such a Hilbert scheme.
If we take a G-equivariant resolution β : B˜ → B, then we have β(B˜ps) = Bps,
so that we may assume B is smooth by Chevalley’s theorem on constructible sets.
Since Hilbert scheme is projective, we may assume B is smooth projective.
In this situation, the complement B \Bss is equal to the set{
b ∈ B
∣∣∣ (Xb,Lb) is not
a Q-Fano variety
}
∪
{
b ∈ B
∣∣∣ Futλξ (Λ¯∗bX , Λ¯∗bL) < 0
for some Λ : C∗ → Aut(CPN )
}
.
By [HK, 3.11] as in [BX, 3.2], the set {b ∈ B | (Xb,Lb) is a Q-Fano variety } is
locally closed in B.
On the other hand, the set{
b ∈ B
∣∣∣ Λ¯∗bDξµλT×G(X/B,L)/η∨ < 0
for some Λ : C∗ → Aut(CPN )
}
is constructible by Lemma 3.20. Therefore, B \Bss is constructible and so is Bss.
We can similarly show the claim on Bps, Bs. 
We outline the proof of the main Claim. More details will be included in a
separate paper.
Outline of the proof of Claim. As in [Oda2] and [LWX], we apply Alper’s gluing
theorem of (local) good moduli spaces [Alp2, Theorem 1.3] (cf. [Alp1, Proposition
7.9]). We will construct e´tale local moduli stacks iα :Mα →Mn of the moduli
stackMn so that each stackMα is of the form [SpecA/G] with reductive G and
so that these Mα cover Mn. Each Mα admits the good moduli space Mα =
SpecA  G. If we can check the conditions in Alper’s gluing theorem, we get the
expected good moduli spaceMn →Mn by ‘gluing’ these local moduli spacesMα
in e´tale topology.
As we remarked in [Ino1], the concept of good moduli space is still not well
established in analytic category. Especially, good moduli spaces of an analytic
stack are not ensured to be unique while the uniqueness is essential for gluing
theorem. So we must show that global and local moduli stacks are algebraic in
order to apply Alper’s framework on good moduli space. Now is the time to apply
the above proposition.
Construction of local moduli stacksMα reduces to the following claim.
• For a T -equivariant family (X ,L)→ B of K-smoothableQ-Fano T -varieties,
Bss is Zariski open.
We can prove this similarly to [LWX, Theorem 7.3] using twisted µK-stability
instead of log K-stability as in [Y. Li]. We take the affine scheme SpecA as an
e´tale local slice of HilbT at µK-polystable [X] ∈ HilbT (cf. [AHR, Theorem 2.1]) so
that SpecA parametrizes only µK-semistable K-smoothable Q-Fano varieties. The
group G is the automoprhism group Aut(X).
Gluing the local moduli spacesMα boils down to the following claim, by shrink-
ing SpecA further if necessary.
• If a K-smoothable Q-Fano variety X admits two equivariant special degen-
erations to K-smoothable µK-polystable Q-Fano varieties X0, X ′0, then X0
and X ′0 are isomorphic.
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• A point x ∈ SpecA parametrizes a µK-polystable Q-Fano variety Xx if the
orbit x.G is closed.
• The stabilizer Gx is isomorphic to Aut(Xx) for every x ∈ SpecA.
We can show these similarly to [LWX, Theorem 1.1, Theorem 8.8, Corollary 8.14].
The first two items show that the morphism Mα → M is universally weakly
saturated in Alper’s sense (cf. [Alp2]). The last one shows the morphism is point-
wise stabilizer preserving. Now we can apply [Alp2, Theorem 1.3] and obtain the
expected good moduli space. 
4. Appendix: Equivariant cohomology & locally finite homology
Here we (re)arrange background materials on equivariant cohomology and equi-
variant locally finite homology to fix our notations and sign conventions in equivari-
ant cohomology. The sign arrangement is crucial when computing the right sign of
(µ-)Futaki invariant via equivariant cohomology.
We also briefly explain some advantage of Cartan model, which employs differ-
ential forms as its chains. While there is an analogous equivariant theory for Chow
group, which works also for schemes not even over arbitrary characteristic field but
also over Z, we prefer to use the singular/de Rham cohomology with R-coefficient
to benefit from the Cartan model when proving the convergence of some sequences
in equivariant cohomology.
4.1. Singular equivariant cohomology & locally finite homology. We firstly
review singular equivariant cohomology and locally finite homology as these work
also for singular spaces. Let X be a topological space with a continuous action
of a topological group G from the right. Using a classifying bundle EG → BG
of G, which can be constructed for instance by Milnor construction, the singular
G-equivariant cohomology H∗G(X,Z) is defined to be the singular cohomology of
the Borel space EG×G X := (EG×X)/G = {[p, x] | [p, x] = [pg, xg], ∀g ∈ G} :
(40) H∗G(X,Z) := H∗(EG×G X,Z).
Let Y be another topological space with a continuous action of a topological group
H, ϕ : G → H be a topological group morphism and f : X → Y be a continuous
map satisfying f(x.g) = f(x).ϕ(g) for g ∈ G. Then we have a pulling-back map
f∗ : HpH(Y,Z) → HpG(X,Z). We usually define the equivariant cohomology in this
way among another possible candidate named as ‘equivariant cohomology’ so that
it enjoys the homotopy invariance. Considering the case H = G and Y = X with
different choices of classifying bundles EG → BG and E′G → B′G, we find that
(40) gives a well-defined contravariant functor independent of the choice of the
classifying bundle EG→ BG.
Since EG is infinite dimensional in general, it is possible that HpG(X,Z) 6= 0
for infinitely many p ≥ 0 even if X is finite dimensional. We put HˆevenG (X,Z) :=∏∞
p=0H
2p
G (X,Z) and denote by α〈p〉 ∈ H2pG (X,Z) the degree 2p-part for an ele-
ment α ∈ HˆevenG (X,Z). When the action is free, we have a natural isomorphism
H∗G(X,Z) ∼= H∗(X/G,Z), so that H∗G(X,Z) = 0 for ∗ ≥ dim(X/G) in this case.
For an almost connected locally compact group G (i.e. the quotient G/G0 by the
identity component is compact), we have a maximal compact subgroup ϕ : K ↪→ G
by Iwasawa’s theorem. It admits a K-equivariant deformation retract Ht : G→ K.
Thus the induced natural map ϕ# : EK → EK ×K G → EG coming from the
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homotopical universality of BG is a K-equivariant homotopy equivalence, so that
we obtain the induced isomorphismH∗G(X,Z)
∼−→ H∗K(X,Z). Since ϕ# : EK → EG
is a K-equivariant homotopy equivalence for any inclusion ϕ : K ↪→ G, the above
isomorphism is independent of the choice of the inclusion ϕ. We often identify these
two equivariant cohomologies.
For aG-equivariant complex vector bundle E → X, we have the associated vector
bundle EG ×G E → EG ×G X. We define the equivariant Chern class cG∗ (E) ∈
H∗G(X,Z) to be the Chern class of the associated bundle c∗(EG×GE) ∈ H∗(EG×G
X,Z) = H∗G(X,Z). The equivariant Chern charatcer chG(L) ∈ HˆevenG (X,Z) :=∏∞
p=0H
2p
G (X,Z) of a G-equivariant complex line bundle L is defined as
chG(L) := e
cG1 (L) =
∞∑
p=0
1
p!
(cG1 (L))
^p ∈ HˆevenG (X,Z) :=
∞∏
p=0
H2pG (X,Z).
Note the highest degree of chG(L) is not bounded in general as it is possible that
H2pG (X,Z) are non-zero for infinitely many p.
We denote by the element η∨ ∈ H2C∗(pt,Z) corresponding to the class c1(O(1)) ∈
H2(CP∞,Z) via the canonical isomorphism H2C∗(pt,Z) ∼= H2(CP∞,Z) and call it
the positive generator.
Example 4.1 (Weight and positive generator). Here we compare the sign of the
weight of C∗-action and the generator of H2C∗(pt,Z). Let X be a point and denote
by L1 the trivial line bundle C on X endowed with the nontrivial C∗-action z.t = zt.
The classifying bundle EC∗ → BC∗ is nothing but C∞ \ {0} → CP∞. In this case,
the associated bundle EC∗ ×C∗ L1 on BC∗ × X = CP∞ is the tautological line
bundle O(−1), so that cC∗1 (L1) ∈ H2C∗(X) is identified with the negative generator
c1(O(−1)) ∈ H2(CP∞). For m ∈ Z, the trivial line bundle Lm = C with the
C∗-action z.t = ztm is the m-tensor product of L1, so that we have
(41) cC
∗
1 (Lm) = −mη∨ ∈ H2C∗(pt,Z).
If we employ the left G-action on EG in the definition of the equivariant co-
homology, the sign reverses. Indeed, the Borel space is given by X ×G EG =
{[x, p] | [x, p] = [xg, g−1p], ∀g ∈ G}, so L−1 ×C∗ EC∗ = O(−1) on EC∗ = CP∞.
When T acts on X trivially, we have a canonical isomorphism HkT×G(X,R) ∼=⊕
p+q=k S
pt∨ ⊗Hq−pG (X,R). For ξ ∈ t, we define the evaluation map
(42) evξ : H
k
T×G(X,R)→
⊕
0≤l≤k
H lG(X,R)
via this isomorphism as
(43) evξ : S
pt∨ ⊗Hq−pG (X,R)→ Hq−pG (X,R) : ρ⊗ c 7→ ρ(ξ).c.
For a locally compact Hausdorff space X, the locally finite homology H lf∗ (X,Z)
is defined to be the homology of the chain complex C lf∗ of the locally finite chains,
i.e.
C lfp :=
{
σ : Map(∆p, X)→ Z
∣∣∣ ∀K ⊂ X : compact set
#{c ∈ σ−1(Z \ {0}) | c−1(K) 6= ∅} <∞
}
,
where Map(∆p, X) denotes the set of continuous maps. We usually denote its chain
by a formal expression
∑
c∈Map(∆p,X) σ(c).c. The boundary map ∂ : C
lf
p → C lfp−1
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is given similarly as the usual homology. The locally finite homology H lf∗ (·,Z)
gives a covariant functor from the category of locally compact Hausdorff spaces
with proper continuous maps to the category of Z-modules. The functor is not
a homotopy functor, but only invariant under proper homotopy. For example,
H lfp (X,Z)  H lfp (X × Rq,Z) while we have H lfp (X,Z) ∼= H lfp+q(X × Rq,Z).
We have the following cap product:
(44) _: H lfp (X,Z)⊗Hq(X,Z)→ H lfp−q(X,Z),
which makes the anti-graded module H lf−∗(X,Z) into a (H∗(X,Z),^)-module and
enjoys the projection formula:
(45) f∗(σ _ f∗φ) = f∗σ _ φ
for every proper continuous map f : X → Y and σ ∈ H lfp (X,Z), φ ∈ Hq(Y,Z).
When X is a connected n-dimensional oriented manifold, we have an orientation
preserving triangulation
∑
α∈A ∆
n
α of X and obtain a generator [X] ∈ H lfn (X,Z)
called the fundamental class of X, independent of the choice of the triangula-
tion. The map ([X] _ ·) : Hq(X,Z) → H lfn−q(X,Z) gives an isomorphism of
Z-modules for each q ∈ Z. We denote its inverse ([X] _ ·)−1 by PD : H lfp (X,Z)→
Hn−p(X,Z).
The following are key properties for the well-definedness of the equivariant ver-
sion of locally finte homology:
• For any closed subset Y ⊂ X, we have a long exact sequence
· · · → H lfp (Y,Z)→ H lfp (X,Z)→ H lfp (X \ Y,Z)→ H lfp−1(Y,Z)→ · · · .(46)
In particular, when dimY < l, we have the isomorphism H lfp (X,Z) ∼=
H lfp (X \ Y,Z) for p > l.
• For a vector bundle pi : E → X of rank r, we have an isomorphism
pi∗ : H lfp (X,Z)
∼−→ H lfp+r(E,Z)(47)
for each p ∈ Z.
Now we explain the equivariant version of locally finite homology. Let X be an n-
dimensional locally compact space with a continuous action of an almost connected
Lie group G. For an almost connected Lie group G, we have a ‘finite dimensional
approximation’ {ElG → BlG}l∈N of classifying bundle EG → BG of G which
enjoys the following properties:
(1) For each l ∈ N, ElG is a G-invariant Zariski open set of the subset {v ∈
Vl | v.g = v ⇐⇒ g = 1} of a (complex) G-representation Vl with dimR(V \
ElG) > l + 1.
(2) G acts on ElG freely and ElG→ BlG is the quotient.
For example when G = C∗, ElC∗ := Cl+1 \{0} with the diagonal C∗-action on Cl+1
gives such a finite dimensional approximation. In this case, we have BlG = CP l.
Using such a finite dimensional approximation, we define the G-equivariant lo-
cally finite homology H lf,Gp (X,Z) of degree p ∈ Z (negative degree allowed) by
(48) H lf,Gp (X,Z) := H lfp+dimR Bn−pG(En−pG×G X,Z).
For example, we have
H lf,C
∗
p (pt,Z) = H lfp+2(−p)(CP
−p,Z) =
{
0 p > 0 or p odd
Z p ≤ 0 and p even .
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By the key properties of locally finite homology, we can show the above construc-
tion is independent of the choice of a finite dimensional approximation of classifying
space by the similar argument as in [EG1] for equivariant Chow group. For a G-
equivariant proper continuous map f : X → Y , we have the proper push-forward
f∗ : H lf,Gp (X)→ H lf,Gp (Y ) induced from the map f : En−pG×GX → En−pG×G Y
with n = max{dimX,dimY }.
When X is a smooth oriented manifold and the action of G on X is orientation
preserving, X ×G En−pG is again a smooth oriented manifold and its fundamental
class of X×GEn−pG defines a homology class [X×GEn−pG] ∈ H lf,Gn (X,Z). Along
the above proof, we can easily check that this homology class is independent of
the choice of the finite dimensional approximation, thus we get the equivariant
fundamental class [X]G ∈ H lf,Gn (X,Z).
Definition 4.2 (Equivariant fundamental class of complex analytic space and the
equivariant cycle map). Let X be a pure n-dimensional complex analytic space
with an orientation preserving action of an almost connected Lie group G (not
necessarily holomorphic). Along the irreducible decomposition X =
⋃
i∈I Xi, the
exact sequence (46) induces the canonical isomorphism H lf,G2n (X,Z) ∼= H lf,G2n (X \
Xred,sing,Z) ∼= ⊕i∈I H lf,G2n (Xi\Xred,singi ,Z). We define the equivariant fundamental
class [X]G ∈ H lf,G2n (X,Z) by
(49) [X]G :=
∑
i∈I
mi[X
red,reg
i ]
G ∈ H lf,G2n (X,Z),
where mi is the length of OXi/OXredi at a general point and [X
red,reg
i ]
G denotes the
equivariant fundamental class of the oriented manifold Xi.
Since we have HqG(X,Z) ∼= Hq(ElG×G X,Z) for l ≥ q, we have the equivairant
cap product:
_: H lf,Gp (X,Z)⊗HqG(X,Z)→ H lf,Gp−q (X,Z),(50)
which is also independent of the choice of the finite dimensional approximation.
When X is an oriented manifold with an orientation preserving action of an almost
connected Lie group G, the map ([X]G _ ·) : HqG(X,Z) → H lf,Gn−q(X,Z) gives an
isomorphism for each q ∈ Z (as we can take ElG as a manifold). We denote its
inverse ([X]G _ ·)−1 by PDG : H lf,Gp (X,Z)→ Hn−pG (X,Z).
Using the equivariant fundamental class, we can define the homology-to-cohomology
push-forward map f? : H
lf,G
p (X,Z) → HdimY−pG (Y,Z) (resp. the cohomology-to-
homology push-forward map f? : H
p
G(X,Z) → H lf,Gp−dimX(Y,Z), the cohomology-
to-cohomology push-forward map f∗ : H
p
G(X,Z) → Hp−dim(X/Y )G (Y,Z)) for a G-
equivariant proper continuous map f : X → Y to an oriented manifold Y (resp.
from a pure dimensional complex analytic space X, from a pure dimensional com-
plex analytic space X to an oriented manifold Y ). When X is compact, we denote
by
∫
X
the (co)homology-to-cohomology push-forward map to the point, using the
equivariant fundamental class [X]G defined in (49).
Let pi : X → B be a G-equivariant proper continuous map to a manifold B and
L ∈ H2G(X ,R) be a G-equivariant cohomology class on X . For a G-equivariant
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locally finite cohomology class α ∈ H lf,Geven(X ,R), we denote by (α.eL)B the G-
equivariant cohomological formal series
∞∑
k=0
1
k!
pi?(α _ L^k) ∈ HˆevenG (B,R)
on B, which we call relative equivariant intersection. We abbreviate ([X ]G.eL)B as
(eL)B and ([X ]G.L ^ eL)B = ([X ]G _ L.eL)B as (L.eL)B . When B is a point,
we usually abbreviate (α.eL)B as (α.eL) and (eL)B , (L.eL)B as (eL), (L.eL) respec-
tively, which we usually identify as elements of Sˆ(g∨)G and call absolute equivariant
intersection. We also abbreviate (α.ec
G
1 (L))B as (α.eL)B for a G-equivariant line
bundle L on X .
4.2. Cartan model of equivariant cohomology & locally finite homology.
Now we turn to the Cartan model. The Cartan model of equivariant cohomology
behaves well when the action is proper. Let X be a smooth manifold with a
smooth action of a compact Lie group K and k be the Lie algebra of K. Put
Cp,q := Spk∨ ⊗ Ωq−p(X). Identifying elements of the symmetric product Spk∨
with the degree p-homogeneous polynomial maps on k, we regard Cp,q the space
of p-homogeneous polynomial maps from k to Ωq−p(X). Consider the subspace of
K-equivariant maps:
(51) Cp,qK := (S
pk∨ ⊗ Ωq−p(X))K .
Then Cp,qK becomes a double complex by giving the differentials d : C
p,q → Cp,q+1,
δ : Cp,q → Cp+1,q by (dφρ)(ξ) = d(φρ(ξ)) and
(δφρ)(ξ) = iξ(φρ(ξ))
for φρ = ρ⊗ φ ∈ Cp,qK regarded as a map φρ : k → Ωq−p(X) and ξ ∈ k. Indeed, we
have (dδ+ δd)(φρ)(ξ) = Lξφρ(ξ) = φρ([ξ,ξ]) = 0 by the K-equivariance. The Cartan
model H∗dR,K(X,R) of equivariant cohomology is defined to be the cohomology of
the total complex (Ω∗K(X), dK) := (
⊕
p+q=∗ C
p,q
K , d+δ) =
⊕
2i+j=∗(S
ik∨⊗Ωj(X))K
of the double complex Cp,qK . We call elements of Ω
k
K(X) K-equivariant k-forms.
This cohomology H∗dR,K(X) is known to be naturally isomorphic to the equi-
variant cohomology H∗K(X,R) for any (non-compact) X and compact Lie group K
(cf. [GS, Section 2.5 and 4.2]).
We have a chain-level pulling-back map f∗ : ΩkK(Y ) → ΩkK(X) along any K-
equivariant smooth map f : X → Y which induces the pulling-back map f∗ :
HkK(Y )→ HkK(X). We also have a chain-level cup product ∧ : ΩkK(X)⊗ΩlK(X)→
Ωk+lK (X) : (ρ1⊗φ1)⊗(ρ2⊗φ2) 7→ (ρ1 ·ρ2)⊗(φ1∧φ2) which induces the cup product
∧ : HkK(X)⊗H lK(X)→ Hk+lK (X).
When X is a smooth n-dimensional oriented compact manifold, we have an
integration map
∫
X
: ΩpK(X)→ S(p−n)/2k∨ for p ≥ n with even p− n given by the
integration of the component in S(p−n)/2k∨ ⊗ Ωn(X).
Example 4.3. A dK-closed equivariant 2-form is given by a pair (ω, µ) = ω + µ of
a K-invariant 2-form ω and a K-equivariant smooth map µ : X → k∨ satisfying
the ‘moment identity’ −d〈µ, ξ〉 = iξω for every ξ ∈ k. On a 2n-dimensional X,
the integration
∫
X
(ω + µ)n+k of equivariant 2(n + k)-form (ω + µ)n+k is then
expressed as
(
n+k
k
) ∫
X
µkωn ∈ Skk∨. Conversely, for instance we can regard the
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map k → R : ξ 7→ ∫
X
e〈µ,ξ〉ωn as an element of some ‘completion’ of the ring of
polynomials Sk∨ =
⊕∞
k=0 S
kk∨.
For a K-equivariant complex line bundle L on X, a representative ω + µ in
the equivariant first Chern class cK1 (L) ∈ H2dR,K(X,R) is given using a connection
form θ ∈ Ω1(P,√−1R) as √−1pi∗ω = dθ and 〈µ, ξ〉 = √−1iξP θ: the equivariant
cohomology class [ω+µ] is independent of the choice of connection and is identified
with cK1 (L) ∈ H2K(X,R) in the singuar equivariant cohomology via the canonical
isomorphism H2dR,K(X,R) ∼= H2K(X,R) to the singular equivariant cohomology.
Note that adding a constant c ∈ (k∨)K gives another moment map µ + c for the
same ω, but its equivariant cohomology class differs from the original one. The
moment map µ is normalized appropriately by this construction so that we have
[ω + µ] ∈ cK1 (L).
Example 4.4 (Weight and the value of moment map). Consider the U(2)-equivariant
line bundle O(−1) = Bl0C2 → CP 1 with the U(2)-action induced from the right ac-
tion on C2 by the matrix product. We have a connection form θ = 12pi∂Bl0C2 log(|z|2+
|w|2) = 12pi z¯dz+w¯dw|z|2+|w|2 with the curvature ω− =
√−1
2pi ∂¯CP 1∂CP 1 log(|z|2 + |w|2).
For Λ : U(1)→ U(2) : u 7→ diag(0, u−1), the associated U(1)-action on O(−1) is
given by (z, w).u = (z, wu−1) and the fundamental vector field ηBl0C2 =
d
dt
∣∣∣
t=0
(z, w)etη
for η = 2pi
√−1 ∈ u(1) = √−1R is given by 2pi(Imw)∂Rew − 2pi(Rew)∂Imw. Then
the moment map µ : CP 1 → u(1)∨ with ω− + µ ∈ cU(1)1 (O(−1)) is given by
µ(z : w) = |w|
2
|z|2+|w|2 η
∨ with the dual basis η∨ ∈ u(1)∨ of η ∈ u(1).
Pulling it back along the map i0 : {0} → CP 1 : i0(0) = (0 : 1), we ob-
tain i∗0(ω + µ) = µ(0 : 1) = η
∨, which represents the equivariant Chern class
c
U(1)
1 (i
∗
0O(−1)) ∈ H2dR,U(1)({0},R). On the other hand, the pulled back equi-
variant line bundle i∗0O(−1) is nothing but L−1 in Example 4.1, so that we have
c
U(1)
1 (i
∗
0O(−1)) = η∨ ∈ H2U(1)({0},Z), which is the positive generator. Our conven-
tions for η∨ are compatible in this sense.
We in particular obtain that the value of the moment map µη associated to Lm
is the minus of the weight m.
Example 4.5 (Equivariant Chern class of canonical bundle). Let ω be a K-invariant
Ka¨hler metric on a Ka¨hler manifold X and µ : X → k∨ be a moment map with
resepct to ω. Then the equivariant first Chern class of the canonical bundle KX is
represented by − 12pi (Ric(ω) + ¯µ).
Example 4.6 (Localization formula). Consider the U(1)-action on CP 1 defined by
(z : w).t = (z.t : w). There are two fixed points: i0(0) = (0 : 1), ıˇ0(0) = (1 : 0) ∈
CP 1. For every u ∈ H2dR,U(1)(CP 1,R), we have the following localization formula:
(52)
∫
CP 1
u = (ˇı∗0u− i∗0u)/η∨.
Here the division /η∨ shifts the degree of equivariant cohomology:
/η∨ : H2U(1)(pt,R)
∼−→ H0U(1)(pt,R) = R.
The localization formula is just a paraphrase of Stokes theorem in this setup. Pick
an equivariant 2-form ω + µ in the cohomology class u. Using the coordinate
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z = eρ+
√−1θ on C× = CP 1 \ {i0(0), ıˇ0(0)}, we may write ω|CP 1\{i0(0),ˇı0(0)} =
f(ρ)dρ ∧ dθ = d(∫ ρ−∞ f(t)dt.dθ). On the other hand, as we have dµη = −iηω =
2pif(ρ)dρ with η = 2pi ∂∂θ , we can express the function µη as
µη(z) = 2pi
∫ log |z|
−∞
f(ρ)dρ+ µη(i0(0)).
Using Stokes theorem, we compute∫
CP 1
ω = lim
ρ→∞
(∫
|z|=eρ
∫ ρ
−∞
f(t)dt.dθ −
∫
|z|=e−ρ
∫ −ρ
−∞
f(t)dt.dθ
)
= 2pi
∫ ∞
−∞
f(t)dt
= µη (ˇı0(0))− µη(i0(0)).
The sign can be checked with the above example:
∫
CP 1(ω− + µ) = −1, i∗0µ = 1,
ıˇ∗µ = 0. See [GGK, Appendix C. 7] for a general localization formula.
The advantage of the Cartan model for our purpose is that when we consider an
action by a product group T ×K, we have the following chain-level evaluation map
evξ : S
p(t× k)∨ ⊗ Ωq−p(X)→
⊕
0≤r≤p
Srk∨ ⊗ Ωq−p(X)(53)
∑
0≤r≤p
ρ
(p−r)
t · ρ(r)k ⊗ φ 7→
∑
0≤r≤p
ρ
(p−r)
t (ξ).ρ
(r)
k ⊗ φ
for each vector ξ ∈ t, which we can treat on the fixed finite dimensional space X.
This map is T ×K-equivariant and compatible with the chain-level proper push-
forward map which we will define for equivariant currents. The map evξ in general
does not preserve the dK-closedness of equivariant forms, however, it holds when T
acts on X trivially. In this case, the evaluation map descends to the evaluation map
on the equivariant cohomology evξ : H
k
T×K(X,R)→
⊕
0≤l≤kH
l
K(X,R) defined in
(42). We will use this to show the convergence of a sequence in the K-equivariant
cohomology of a base B of a T ×K-equivariant map pi : X → B with the trivial
T -action on B. The sequence is constructed as the evaluation of the integration of
a sequence of T ×K-equivariant cohomology classes on X.
Next we consider the dual construction, which corresponds to the equivariant
locally finite homology. Firstly we review the current homology. Let X be a
connected n-dimensional smooth manifold. For a compact set B ⊂ X, let ΩpB
denote the space of smooth p-forms supported on B with the C∞-topology. We
denote by Dp(X) the space of compactly supported smooth p-forms on X endowed
with the weakest topology which makes the natural inclusions ΩpB(X) ↪→ Dp(X)
continuous for all compact sets B ⊂ X. Then Dp(X) is an LF-space. Let D′p(X)
denote the space of continuous linear functionals on Dp(X). We have a boundary
map ∂ : D′p(X) → D′p−1(X) adjoint to the differential map d : Dp−1(X) → Dp(X)
(with an appropriate sign) and get the homology group HdR∗ (X,R) of this complex
(D′∗(X), ∂).
A smooth p-chain c : ∆p → X defines an element of D′p(X) by the integration
φ 7→ ∫
∆p
c∗φ and this gives a linear map C lfp → D′p(X). It is known by [deR] that
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the homology HdR∗ (X,R) is isomorphic to the locally finite homology H lf∗ (X,R) via
the map C lfp → D′p(X) given as above.
For a proper smooth map f : X → Y , we have a chain-level push-forward map
f∗ : D′p(X) → D′p(Y ) adjoint to the proper pull-back f∗ : Dp(Y ) → Dp(X). This
induces the push-forward map f∗ : HdRp (X,R)→ HdRp (Y,R). The cap product
_: HdRp (X,R)⊗HqdR(X,R)→ HdRp−q(X,R)
is induced from the chain-level map
D′p(X)⊗ Ωq(X)→ D′p−q(X) : σ ⊗ φ 7→ σ(φ ∧ ·).
When X is oriented and the action is orientation preserving, the closed current∫
X
: Dn(X) → R gives the fundamental class [X] ∈ HdRn (X,R). All of these
constructions are compatible with those counterpart of the locally finite homology
H lf∗ (X,R).
In the equivariant setup, we consider the double complex
CKp,q := (S
−pk∨ ⊗D′q−p(X))K(54)
with the differentials ∂ : CKp,q → CKp,q−1, δ : CKp,q → CKp−1,q defined by (∂σρ)(φ) :=
(−1)n−(q−p)σρ(dφ) and (δσρ)(φ)(ξ) := (−1)n−(q−p)σρ(ξ)(iξφ), which are compatible
with (Cp,qK , δ, d) under the inclusion C
p,q
K ↪→ CK−p,n−q for oriented X. Here we put
S−pk∨ = 0 for p > 0. We define the Cartan model HdR,K∗ (X,R) of equivariant cur-
rent homology to be the homology of the total complex (D′)K∗ (X) :=
⊕
p+q=∗ C
K
p,q =⊕
j−2i=∗(S
ik∨ ⊗ D′j(X))K . For a K-equivariant proper smooth map f : X → Y ,
we have a chain-level push-forward map f∗ : (D′)Kk (X) → (D′)Kk (Y ) induced from
f∗ : D′i(X) → D′i(Y ), which induces the push-forward map f∗ : HdR,Ki (X,R) →
HdR,Ki (Y,R).
The equivariant cap product _: HdR,Kk (X,R) ⊗ H ldR,K(X,R) → HdR,Kk−l (X,R)
and the equivariant fundamental class [X]K ∈ HdR,Kn (X,R) are given similarly as
the non-equivariant case and are compatible with those of locally finite homology.
We also have the evaluation map evξ : S
p(t × k)∨ ⊗ D′q+p(X) →
⊕
0≤r≤p S
rk∨ ⊗
D′q+p(X).
When X is oriented, the inclusion Cp,qK ↪→ CK−p,n−q gives the isomorphism
([X]K _ ·) : HkdR,K(X,R) → HdR,Kn−k (X,R). We can check this using the spec-
tral sequence associated to the double complexes Cp,qK and Cˇ
p,q
K := C
K
−p,n−q (cf.
[GS, Section 10.10 and 6.5]).
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